o Exercises 1-8, verify the solution of the differential equation.

Solution Differential Equation
1 y= Ce¥ y=4y
g = 3y + Sy =—e
3. 2+ y'=Cy y' = 2xy/(x? — »?)
4,y —2Iny =2 %:yzxf]
Ly=C,sinx — C,cosx y'+y=0

v+ 2y +2y=0
y'+y=tanx
¥+ 4y’ = 2e°

. y = —cos xIn|sec x + tan x|

=

5
6. y= Cie *cosx + Cre*sinx
7
By=Yev+e)

In Exercises 9-12, verify the particular solution of the
differential equation.

Differential Equation
and Initial Condition

2y + v/ = 2sin(2x) — 1

-0

Solution

Y, y = sinxcosx — cos’x

'l(l.y:%xz—Qcosx—_’y y'=x+ 2sinx
¥0) = =5

11, y = 46 y' = —12xy
y0) =4

2, 3 = g=cos+ y' = ysinx

{9

InExercises 13-20, determine whether the function is a solution
of the differential equation y® — 16y = 0.

18, y=3cosx

14, y = 2 gin x

15, y = 3 cos 2x

16. y = 3 5in 2x

]7. y = 9—3\-
18. y = 51n x
1.5 = Ce% + Coe~> + Cysin 2x + C,cos 2x

20, ¥ = 3% — 4sin2x
In Exercises 21-28, determine whether the function is a solution
O the differential equation xy’ — 2y = x%e"

21.)7:"’

=

x* 22, y=x
3, y= xle¥ 24, y = x*2 + &%)
B. y = gin x 26. y = cos x
2y =1y 28, = x2e* — 5x2

See www.CalcChat.com for worked-out solutions to
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odd-numbered exercises

In Exercises 29-32, some of the curves corresponding to
different values of C in the general solution of the differential
equation are given. Find the particular solution that passes
through the point shown on the graph.

Solution Differential Equation
29, y = Ce /2 2y'+y=0
30. yx* +y)=C 2y + (@ + 2y’ =0
3L y2 = Cx° 2xy' — 3y =10
32 22 —y*=C yy' —2x=10
¥
& (0,3)
—— ——Fx
-2 -1 L. 2 3
Figure for 29
v
4 e
ks 4
2 4
I+ 4
T —f—f————— <%
-1 L 34506 7
T
—3-
Figure for 31 Figure for 32

¥ In Exercises 33 and 34, the general solution of the differential

equation is given. Use a graphing utility to graph the particular

solutions for the given values of C.

33. 4y —x=0
4y? — x2 =

C=0,C==x1,C==x4

34, vy +tx=0
X2+yr=C
cC=0,C=1,C=4

In Exercises 35—40, verify that the general solution satisfies the

differential equation. Then find the particular selution that
satisfies the initial condition.

35 y=Ce™ 36. 32+ 22 =C

y+2y=0 Ix+2yy'=0

v =3 whenx =0 v =3 whenx =1
37.y=C;sin3x + Cyeos3x 38, y=C; + Glnx

¥+ 9y =0 'ty =0

y = 2 whenx = 7/6 vy = 0whenx =2

y’ =1 whenx = 7/6 y' = % when x = 2



412 Chapter 6  Differential Equations

39. y = Cx + G2 40. y = ¢»3(C, + Cyx) In Exercises 57-60, match the differential equation with its
x2y” = 3xy’ + 3y =0 9y” — 12y" + 4y = 0 slope field. [ The slope fields are labeled (a), (b), (c), and (d).]
y = 0 whenx = 2 y=4dwhenx =0 (a) y (b) !
y'=4 whenx = 2 y=0whenx=3 21 3L
In Exercises 41-52, use integration to find a general solution of
the differential equation. : : 24 [
iy L bk ) ¥ boelo  alooc | e
7 v - \ _3 N A
a1, D _ g2 42, F =23 — 3 2 & A A - L <
dx dx SN N e -~
dy X dy e A T
b 44, — = 13-
A dx 1+ %7 4 dc 4+ ¢ -2 g
dy x—2 dy , ;
L « ST = Koasxd c ) d :
45 dx . 46 Gy = Xeosx (c) (d) ‘
dy dy A i 5
47. 2 = sin 2x 48. 2 = tan2x ] - ] "
dx dx =
dy dy - EoR 1 3 i 1 [ e e
49 —=xJ/x— 6 30. —=2%./3 —=x ; ) et = § .7 s
dx dx ¥ ey seummons ac R NN AU T o
ity . dy , e —H— ey
b A, p BF x/2 : e . 1 iy
51. 78 xet 52. Tx S5 : o _% ] s ;
- _ ',ﬂ m— b f,ljl_ i,
Slope Fields In Exercises 53-56, a differential equation and its
slope field are given. Complete the table by determining the - P
slopes (if possible) in the slope field at the given points. 57 CT} = gin(2x) 58. Il = cosx
dx dx 2
= [ [ 0 N : ) |
x -4 | -2|0]|2]4 | 50, D . ;- 60, ¥ _1
L J ! | Mg = Wl x
v 2|0 f4]4]6]s
— ‘ l i Slope Fields 1In Exercises 61-64, (a) sketch the slope field for
e | | ‘ ! the differential equation, (b) use the slope field to sketch the
solution that passes through the given point, and (¢) discuss the
53 dy _ 2x 54 dy o S 3 graph of the solution as x — oo and x— —oo. Use 2 graphing
Tdx oy R utility to verify your results.
‘, t 6L y'=3—x (4,2
Al A L STy 62 y'=32 —3x, (1,1)
/ Tt s 63. y' =y —4x, (2,2)
| i Mk "Ii;“i:' ‘ 64. y'=y+axy, (0,—4)
o her ARRE SR .' s ,|F ot ;4—% x 65. Slope Field Use the slope field for the differential equation
t —t— _— - RE 1 LAY ’ -
YEERSREREr” 8‘ s s RLUEE L & y" = l/x, where x > 0, to sketch the graph of the solution that
/ 4 g -I— RS satisfies each given initial condition. Then make a conjecture
-6 = Eis vy about the behavior of a particular solution of y'= I/x
as x—oo. To print an enlarged copy of the graph, go to the
55, dy _ rcos® 56. dy _ tan(ﬂ) website www.mathgraphs.com.
dx 8 dx 6 o
b ¥y I
L 3 g N =
i §os sl =
I i K TN D[ Bl F .
-+ ol AN / T i T .
______ e e ol il il el T : 6
T T T T o I I i —1 — —
% =g ol B = NI e L Fl pessesmsmaae
R s LEUEL LR LT L] =2 o
e (AN SR LLLLLLYLLL LI, 34
| / ‘61 B \ | _gf}, .

(a) (1,0) () (2,-1)
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SECTION 10.1 MODELING WITH DIFFERENTIAL EQUATIONS ||| 607

|10.1| EXERCISES
I. Show thaty = x — x 'is a solution of the differential equa- [9. A population is modeled by the differential equation
tion xy' + y = 2x.
dP
2. Verify that y = sin x cosx — cos x is a solution of the A L2r\1 - 4200

initial-value problem i o ;
(a) For what values of P is the population increasing?
¥ + (tan x)y = cos’x y0) = —1 (b) For what values of P is the population decreasing?
: ¢) What are the equilibrium solutions?
on the interval —7/2 < x < 7/2. &) 4
a= _ L o 10. A lunction y(f) satisfies the differential equation
|3.] (a) For what values of r does the function y = e"™ salisfy the

differential equation 2y" + y" — y = 07 dy = y* — 6y® + 5y2

(b) I 7 and r, are the values of r that you found in part (a), d i ’
show that every member of the family of functions (a) What are the constant solutions of the equation?
y = ae" + be™ is also a solution. (b) For what values of y is y increasing?

4. (a) For what values of k does the function y = cos kt satisfy (c) For what values of y is y decreasing?

the differential equation 4y” = —25y7? [I1.] Explain why the functions with the given graphs can't be
(b) For those values of k, verify that every member of the solutions of the differential equation
family of functions y = A sin kr + B cos kf is also a A
solution. — =¢{y — 1)
dit ’
5. Which of the following [unctions are solutions of the differ- () vy () ¥
ential equation y" + 2y" + y = 07 e
(a)y y=¢' M) y=e" Y e ;
(c) y=te"" (dy y=r%" 1 ra \‘
: : l ra 17 A
6. (a) Show that every member of the family of functions A
y = Ce"/?is a solution of the differential equation = / : — - ¢
y' = xy. / ! ! / . !
(b) Tllustrate part (a) by graphing several members of the '
family of solutions on a common screen. [2. The function with the given graph is a solution of onc of the
(¢) Find a solution of the differential cquation y" = xy that following differential equations. Decide which is the carrect
satisfies the initial condition y(0) = 5. equation and justify your answer.
{d) Find a solution of the differential equation y* = xy that 3
salisfies the initial condition y(1) = 2. T~
[7.] ta) What can you say aboul a solution of the equation
y' = —y? just by looking at the differential equation?
(b) Verify that all members of the family y = 1 /(x + C) are —
solutions of the equation in part (a). 0 e
(¢) Can you think of a solution of the differential equation
r 2 i . o r ST T .
y" = —y? that is not a member of the family in part (b)? A 5 =14 xy B. y' = —2xy € 3" =1 - By

(d) Find a solution of the initial-value problem
7 [12] Psychologists interested in learning theary study learming
¥ ==y »(0) =105 curves. A learning curve is the graph of a funciion P(r), the
performance of someone learning a skill as a function of the

8. (a) What can you say about the graph of a solution of the L -
( y ) £ training time . The derivative ¢P/dt represents the rate al

cquation y' = xy’ when x is close to 07 What if x is ; .
laree? which performance improves.
(b) ;\fe;f}l' (hat afl members of the family y = (¢ — x*)™' are (2) When do you think P increases most rapidly? What hap-
i 5 S e S v : pens to dP/dt as t increases? Explain.
solutions of the differential equation y' = xy". B / P

(b) If M is the maximum level of performance of which the

3 (c) Graph several members of the family of solutions on a i : i ) i
learner is capable, explain why the differential equation

common screéen. Do the graphs confirm what you pre-

dicted in part (a)? 4ap —r " " .
e . S —— 5 —p - T GanA
(d) Find a solution of the initial-value problem di . SlnsUiEE s

3 =z y(0) =2 is a reasonable model for learning.
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3| EXERCISES

10 Solve the differential equation.

dy " 3 dy e
==y by o

dx . dx 4_\)3
(x* + 1)y =xy 4. y' =yl sinx

5 du 1+ fr

{1+ tany)y =x>+ 1 6 —=—r

{ any)y * dr 1.+ \/LT

dy te’ g dy _ ¢'sin’g
L dt vyl R T df  ysech

/ S -
A Lottt O E =0

di dt

-18 Find the solution of the differential equation that satisfies
> given initial condition.
dy

| =324+ 1, »1)=0
PR , (1)

d_y_ Y COS X
dx 1+ ¥

¥(0) =1

 xcosx = {2y + ™)y, y0) =0

P
'Cfi_)':ﬁ1 P(1)=2

du 2t + sec’t
| —=——, 0)=—
] dt 2u u(0) 3

cxy Fy=y% y(1)=~—1
yitanx=a+y, y7/3)=a 0<x<w/2

dL - :
. E: kL Int, L(1) = —1

. Find an equation of the curve that passes through the point
(0, 1) and whose slope at (x, ¥) i xy.

. Find the function f such that f'(x) = f(x)(1 — f(x)) and
£(0) =3

~ Solve the differential equation y' = x + y by making the
change of variable i = x + y.

. Solve the differential equation xy* = y + xe* by making the
change of variable v = y/x.

. (a) Solve the differential equation y' = 2x+/1 = 32,
(b) Selve the initial-value problem 3" = 2x+/1 — y2,
y(0) = 0, and graph the solution.
(c) Does the initial-value problem y' = 2x/1 — y?,
v(0) = 2. have a solution? Explain.

[ 24. Solve the equation ™"y’ + cos x = 0 and graph several
members of the family of solutions. How does Lhe solution
curve change as the constant C varies?

T45][25.] Solve the initial-value problem y' = (sin x)/siny,
y(0) = /2, and graph the solution (if your CAS does
implicit plots).

(5] 26. Solve the equation y' = x+/x2 + 1/(ye?) and graph several
members of the family of solutions (if your CAS does
implicit plots). How does the solution curve change as the
constant C varies?

[CAS] 27-28

(a) Use a computer algebra system to draw a direction field
for the differential equation. Gel a printout and use it o
sketch some solution curves without solving the differential
equation.

(b) Selve the differential equation.

(c) Use the CAS to draw several members of the family of solu-
tions obtained in part (b). Compare with the curves from
part (a).

27. v = 1y 28. v = x%/y

Eﬁ 29-32 Find the orthogonal trajectories of the family of curves.
Use a graphing device to draw several members of each family on
a common screen.

29. x> + 2y =k7 30, y? = kx’
By =% 2. y=
— X z |

33. Solve the initial-value problem in Exercise 27 in Section 10.2
to find an expression for the charge at time ¢. Find the limit-
ing value of the charge.

34. In Exercise 28 in Section 10.2 we discussed a differential
equation that models the temperature of a 95°C cup of coffee
in a 20°C room. Solve the differential equation to find an
expression for the temperature of the coffee al time 7.

[35.] In Exercise 13 in Section 10.1 we formulated a model for
learning in the form of the differential equation

dP
—=kM-Pr
dt o )

where P() measures the performance of someone learning a
skill after a training time ¢, M is the maximum level of per-
formance, and k is a positive constant. Solve this differential
equation to find an expression for P(r). What ig the limit of
this expression?
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2. Which of the equations in Exercise | are linear?

In Exercises 3-8, verify that the given function is a solution of the
differential equation.

3.y —8x=0, y=4dx?

4, yy' +4x =0, y:m

5y 4dxy=0, y=25¢2"

6. 2 —1)y +xy=0, y=4@x2-1"1/2
7.9 —2xy +8y =0, y=dx*—12x2+43
8 y'—2y'+5y=0, y=e¢"sin2x

9, Which of the following equations are separable? Write those that
are separable in the form ¥' = f(x)g(y) (but do not solve).

(@ xy' —9y* =0 (b) V4 — x2y =¥ sinx
@ ¥ =2+ @ y=9-y*
10. The following differential equations appear similar but have very
different solutions.
dy
dr

dy

dx =

k]

Solve both subject to the initial condition y(1) = 2.

11. Consider the differential equation ¥y —9x? =0,
(a) Write it as v dy = 9x2 dx.

(b) Integrate both sides to obtain %ly‘i =334+ C.

(c) Verify that y = (12x3 + €)/* is the general solution.
(d) Find the particular solution satisfying y(1) = 2.

12, Verify thatxzy’ + ¢~ ¥ =0 is separable.
(a) Writeitase¥ dy = —x—2
(b) Integrate both sides to obtain ¢¥ = x~! 4 C.

(¢) Verify that y = In(x~! + C) is the general solution.

dx,

(d) Find the particular solution satisfying y(2) = 4.

In Exercises 13-28, use separation of variables to find the general
solution.

13. ¥ +4xy2 =0 id. v —|-x2y =0

dy 4
e =X = 3
15, A =1 16. 3y +4y2 =0
17. 2y’ +5y =4 18. L =8./y
) dt
19. V1 — x2 y’ =Xy 20, 7_y” = )12(1 = 12)
21. yy' =x 22, (lny)y —1y=0
2 dx B 2 5
23, E =+ D&+ l) 24. (1 + ,\‘_)yr = 3‘33:
dy
25. y' =xsecy 26, — =1a
2 g 0 fan y
dy 1x
27. E:ylanr 28. ;—f:rtanx

In Exercises 29—42, solye the initial value problem.

29, y/+2y =0, y(n3) =3

30. y —3y4+12=0, y@ =1
31y’ :xefyz, y(0)y =-2
dy
32, y2oL =53 -
¥ 25 x 7, ywh=0

33. y’ =x-Dky—-2), y2)=4
M.y =x—1DHr—2), y@ =2
35 Y =x(y?+1), y0)=0

d
36. (1—r)d—f—y=o, y2) = —4

dy
37. — = —t ) —
A y =1
dy
38. — =tV —
pr e, y(l)=0
d
9. 22 i =14y+1y, y1)=0

di
4. Vi-x2y' =y +1, y0)=0

41. Y =teny, y(n2) :%

42. ¥ =y¥sinx, y@)=2
43, Find all values of g such that y = x% is a solution of

¥ — 12x 2y =0

44. Find all values of @ such that y = ¢”* is a solution of
¥4y —12y=0

In Exercises 45 and 46, let y(t) be a solution of (cos y + I)@—’ =2
such that y(2) = 0. dt

45, Show that siny 4 y = 2 + C. We cannot solve for y as a fune-
tion of r, but, assuming that y(2) = 0, find the values of 1 at which
y()=m.

46. Assuming that y(6) = /3, find an equation of the tangent line [0
the graph of y(r) at (6, 7 /3).

In Exercises 47-52, use Eq. (4) and Torricelli’s Law {Eg. (5)].

47. Water leaks through a hole of area 0.002 m? at the bottom of @
cylindrical tank that is filled with water and has height 3 mi and a bas®
of area 10 m?. How long does it take (a) for half of the water to Leak
out and (b) for the tank to empty?

48. At =0, a conical tank of height 300 cm and top radius 100 ¢
|[Figure 7(A)] is filled with water. Water leaks through a hole in the:
bottom of area 3 cm?. Let y(7) be the water level at time 7.

(;i) jShow that the tank’s cross-sectional area at height y is A(Y) =
gy

(b) Find and solve the differential equation satisfied by y ()
(c) How long does it take for the tank to empty?

Y

Radius 4 m

(A) Conical tank (B) Horizontal tank

FIGURE 7

49, The tank in Figure 7(B) is a cylinder of radius 4 m and height
15 m. Assume that the tank is half-filled with water and that water
eaks through a hole in the bottom of area B = 0.001 m?. Determine
the water level y(¢) and the time 7, when the tank is empty.

§0. A tank has the shape of the parabola y = %2, revolved around the
y.-axis. Water leaks from a hole of area B = 0.0005 m? at the bottom
of the tank. Let y(#) be the water level at time 7. How long does it take
for the tank to empty if it is initially filled to height yg = 1 m?

51. Atank has the shape of the parabolay = ax? (where a is a constant)
revolved around the y-axis. Water drains from a hole of area B m? at

the bottom of the tank.
(a) Show that the water level at time ¢ is

2/3
3aB/Z
e (yafz B azn gI)

where yq is the water level at time ¢ = 0.

(b) Show that if the total volume of water in the tank has volume V'
il fime ¢ = 0, then yg = +/2aV/m. Hint: Compute the volume of the
lank as a volume of rotation.

(€) Show that the tank is empty at time

1/4
T 2 273 !
¢~ \3Byz a
We see that for fixed initial water volume V, the time 7, is proportional

0a~'/4 A large value of @ corresponds to a tall thin tank. Such a tank
draing more quickly than a short wide tank of the same initial volume.

2. [:: A cylindrical tank filled with water has height & and a base
6f area 4. Water leaks through a hole in the bottom of area B.

(@) Show that the time required for the tank to empty is proportional
W0AVh/B.

ﬂ’) Show that the emptying time is proportional t© Va2, where V
18 the volume of the tank.

(F) Two tarks have the same volume and a hole of the same size, but
they have different heights and bases. Which tank empties first: the
@ler or the shorter tank?

SECTION 9.1 [ So

53. Figure 8 shows a circuit consisting
pacitor of C farads, and a battery of v
completed, the amount of charge g(7) |
the capacitor varies according to the diff

where R, C, and V are constants.
(a) Solve for g(¢), assuming that g(0)
(b) Show that lim g(t) =CV.
[—00
(¢) Show that the capacitor charges to

value C'V after a time period of length
constant of the capacitor).

FIGURE 8 An R(

54, Assume in the circuit of Figure 8
and V = 12 V. How many seconds do
capacitor plates to reach half of its limi

According to one hypothe
cell’s volume V is proportional to its su
units such as cm? and A has square uni
roughly that A v2/3 and hence dV,
k. If this hypothesis is correct, which
would we expect to see (again, roughly

(a) Linear (b) Quadrati

56. We might also guess that the volus
creases at a rate proportional fo its sur
55 to find a differential equation satisfi
has volume 1000 cm> and that it loses
According to this model, when will the

57. In general, (fg)’ is not equal to f
a function g(x) such that (fg) = f'g

58. A boy standing at point B on a d
tached to a boat at point A [Figure 9(,
dock, holding the rope taut, the boat m¢
trix (from the Latin tractus, meaning
point P on the curve to the x-axis alo
Tength ¢. Let y = f(x) be the equatior
(a) Show that y* + /y)? = 2 ar
Why must we choose the negative squ
(b) Prove that the tractrix is the graph

L+ e —)
x=flh| —Y——
y




