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SETTING THE STAGE

You can use the zeros of a polynomial function to sketch the graph of the
function or to determine the restricted domain. In both cases, you can easily
find the zeros if the function is in factored form. So you must be able to factor
polynomial functions, which involves dividing one polynomial by another.

In this section, you will examine techniques for dividing polynomials,

EXAMINING THE CONCEPT

Long Division with Polynomials
Dividing polynomials is similar to dividing numbers using long division,

Evaluate 17 + 4.
[—— Think % =4

4 -« quotient
divisor —~4)17 ~«— dividend
-16 <« subtract4 x4
1 - remainder

Therefore, 17 +~ 4 = 4;15. Check: 4 X 4 + 1= 17

Division Statement

In any division, divisor X quotient + remainder = dividend.

Keep the division statement in mind when dividing polynomials,

Example 1 Long Division with Polvnomials

Divide x2 + 3x — 28 by x + 5.

Think £ =x.
Think -2 = -2,
P
x-2
2 _
x+5 ixz +3x-28
x“+5x ~&—— Subtract (x)(x + 5} and bring down —28.
—2x-28
—2x —10 ~=—— Subtract (—2)(x + 5).
-18

Solution
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Check: (x + 5)(x —2) — 18 = x% + 3x — 10 — 18
= x2 + 3x — 28

In this example, the divisor does not divide evenly into the dividend, and
the remainder is —18. A polynomial divides evenly when the remainder is O.
The process of division ends when the remainder is 0, or if the degree of
the remainder is lower than the degree of the divisor.

@GP EO0bES S

Example 2 Long Division and Factors

Divide x> — 7x — 6 by x + 1.

Solution _

Rewrite the question as a long division. Ensure that the powers are in descending
order in both the divisor and the dividend. Include any missing powers by using
a coefficient of 0. In this example, there is no x>-term in the dividend, so add 0x2
to the dividend.

x2—x-6

x+1)x3 +0x2-7x-6
x2 +x2 © ~=— Subtract (xZ}(x + 1) and bring down —7x.
-x% —7x
—x%—x ~#— Subtract (~-x)(x + 1) and bring down —6.
—6x—6
~6x—6 -==— Subtract (-6)(x + 1).
0

Check: (x + Dx2 —x—6) +0=x—x2—6x+x2—x— 6
_ ' =x3—Tx~6
The last subtraction results in 0. When the remainder is 0, the divisor divides

~ evenly into the dividend. Both the divisor and quotient are factors of the
dividend. In this case, x + 1 and x2 ~ x — 6 are factors of x> — 7x — 6.

Therefore, x3 — 7x — 6 = (x + )2 — x — 6).

EAAMINING THE CONCEPT
' Synthetic Division

Synthetic division is an efficient way to divide a polynomial by a binomial of the
form x — k&, where & is the value that makes the binomial in the divisor equal
to 0. :

Divide 4x* — 5x? + 3x — 7 by x — 2. In this case, k = 2,
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The process of synthetic
division is simpier to use
than long division, because
it oniy uses the coefficients
of the polynomials
involved. '

Example 3

List the coefficients of the dividend, 4, —5, 3, and —7. Bring down the first
coefficient of the quotient, which is 4. Multiply by the k-value, which is 2.
Add the product to the next coefficient of the dividend: 8 + (—5) = 3.

This result, 3, is the next coefficient of the quotient. Repeat these steps until
there are no more coefficients in the dividend,

| coefficients of the dividend I

k A
} - ™
i! 4 -5 3
add add add
bring ‘ 8 > 6 > 1 8>
down ad = .
//k =2 X2 %2

Lcoefficients of the quotient I

Therefore, (x — 2)(4x% + 3x + 9) + 11 = 4x3 — 5x2 + 3x — 7.

3 5,2 4 3y — 11
S A o
x—2 x—2

Another way to write this is

Synthetic Division and Higher Degree Polvnomials
Use synthetic division to divide 13x — 2x> + x* — 6 by x + 2.
Solution

Rearrange the terms of the dividend in descending order,

x* — 2x3 + 0x? + 13x — 6. Notice that a third term, with a coefficient of 0, has
been added to the dividend.

In this case, &k = —2.

“k=-2 %2 % —2 %21
4 3 -3 1 G

The quotient is x> — 4x? + 8x — 3, and the remainder is 0. Therefore,
+2E 42 +8x—H=x*—23+ 13x — 6.

RN -

You can also use synthetic division when the coefficient of the variable in the
divisor is a number other than 1. First determine the number that makes the
divisor equal to 0,
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Example 4 ®More on Synthetic Division

Use synthetic division to divide 1223 + 2x2 + 11x + 16 by 3x + 2.

Solution
j 12 5 » 16 The coefficient of x in 3x + 2 is 3. To find %, let the
’ _8>a“d 4>a°'d p 0>a°’d divisor equal 0 and solve for x.
l X —

bring
down

=T T
2 K-2 x—% Ix+2=0

' - ' P o x= -2

1+ ’ j e l+ 3 Divide the coefficient x = _%

4 -2 5 of the quatient by
25(-2) T:‘:h(;) chifrm o Therefore, k = —%_
) The quotient is 4x> — 2x + 5 and the remainder is 6.
=-8

Gx+2)dx2 —2x+ 5+ 6 =123+ 2x2 + 1lx + 16

2. How canyou deterimi
the dividend?

3. Write.the division state

dividend, quotient, and rem

1.4 Exercises

[N

1. Rearrange in descending order.
() 2x° +3x =S¥ +x2 —x* + 5 (b) 322 Wt + Sx— 3 — P
() 3x3 —5x* + 2 (d) —3 + 4x° + 3x2 — 2x
() —4 + 3x7 — 4x2 @ x*+1
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. Divide using long division.

(a) x> —3x* - 3x+5byx — 1 () x> —x%2—16x— 12byx + 3
(e) x* — 8x® + 2x% + 24x + 9byx2 —2x— 1

(d) x* — 10x> + 9 by x — 1 (& x* —lbyx+ 1

) x>—x*—x2+1byx?—1

. Determine the remainder, r, so that the division statement is true.
@ Cx—NBx+5+r=06x2+x+5

) x+Nx+5)+r=x>+9%—7

© @+ —D+r=x3+3x"-x—-3

(@ P+ -D+r=2+23+x2+1

. Use synthetic division to simplify. State any remainder as a fraction.
(@ & —Tx—6)+x—3)

(B) 2x* — 7x% = Tx +19) + (x — 1)

(€) (6x* + 13x3 — 3482 — 47x + 28) =+ (x + 3)

(d) (2x3 + x? — 22x + 20) = (2x — 3)

(e) (12x* — 56x3 + 592 + 9x — 18) + 2x + 1)

) 6xF —2x — 152+ 5) + (2x — 3)

. Knowiedge and Understanding

(a) Divide x> + 1 by x + 1 using long division.

(b) Verify your results using synthetic division.

. Communication: Create a cubic polynomial division question where the

divisor is x + 3. Show how each step in synthetic division relates to a step
in long division.

. Create a quartic polynomial question where the divisor is 2v — 3. Show
how each step in synthetic division relates to a step in long division.

. Determine whether each binomial is a factor of the given polynomial.
@ x+5 x3+6x7—x—30

(b) x +2,x" — 5x2 + 4

() x—2,x*—5x2+6

(d) 2x — 1, 2x* — 23 —4x? + 2x + 1

(€) 3x +5,3x% + 555 + 952 + 17x — 1

H Sx—1,5%— x>+ 10x — 10

. Use long division to determine the remainder.

B3 —x+1 4y — 3732 =2
@ — 3 (b) =5 —
5x% = 3x% -2 + 1 6x* -+ 31x3 + 392 4y ~ 2
(C) x3 — x (d) x2 +5x+6
32 x4+ 3 P82 +4r—8
(&) — 75,3 ® —7i2 3
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10. When 8x” + 4x? — px + 6, p € R, is divided by 2x — 1, the remainder
is 3. Determine the value of p.

11. The polynomial x* + px> — x — 2, p e R, has x — 1 as a factor.
What is the value of p?

12. Application: The volume of a rectangular box is (x> + 6x2 + 11x + 6)
cubic centimetres. The box is (x + 3) cm long and (x + 2) cm wide.
How high is the box?

13. A tent has the shape of a triangular prism. The volume of the tent is
(x* + 7x? + 11x + 5) cubic units. The triangular face of the tent is
(2x + 2) units wide by (x + 1) units high. How long is the tent?

14. Check Your Understanding: In a polynomial division question, the divisor is
2x + 3, the quotient is 2x? + 3x — 4, and the remainder is —11.
(a) What is the dividend?
(b) Verify your answer for (a). Use either long division or synthetic
division,
. The volume of a cylindrical can is (4mx® + 28nx2 + 657x + 507) cm?.
The can is (x -+ 2) cm high. What is the radius?

16. Thinking, Inquiry, Problem Solving: Let f(x) = x" — 1, where 7 is an
integer and n > 1. Is f(x) always divisible by x — 17 Justify your decision.

ADDITIONAL ACHIEVEMENT CHART QUESTIONS

Knowledge and Understanding: Use long division to determine whether cach
binomial is a factor of —3x* + 2x + x3 — 24. Check your answers using
synthetic division.

(a) x — 3 (b) x + 4 (c)x—4 (dyx—-2
Appiication: The formula for the volume of a sphere is V = g-n 3. A given
sphere has a volume of [?n (x3 — 3x% + 3x — k)] cubic units and a radius of
(x — 1) units. Find the value of k.

Thinking, Inquiry, Problem Solving: The bottom line in this synthetic division
gives the coefficients of the quotient. The number at the far right of the bottom
line is the remainder.
k= —2 1 -3 12 4 -1l
—2 10 —44 80

I =5 22 —-40 69

To obtain a remainder of 0, would it be better to try lesser values or greater
values of k7 Defend your choice.

Communication: Create a table to show the advantages and disadvantages of
both synthetic division and long division. Which division method do you prefer,
and why?
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