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Great things are not done by impulse, but by a series of small things brought together. — Vincent van Gogh

CHAPTER 2 1

I Sequences & Series

A sequence is simply a list of numbers, such as
2,4,6,8,10.

The sequence above is called a finite sequence because it has a finite number of terms. In other words
the sequence ends. Not all sequences end. We use “...” to indicate that a sequence continues forever:

r

2,4,6,8,10,...

Some sequences have obvious patterns, such as
1,2,3,4,5,6,7,... and 1,2,4,8,16,32,....

In this chapter, we'll study the properties of a couple common examples of sequences that have useful
patterns. -

When using variables to represent a sequence, we often use the same letter with different subscripts
to represent the terms. For example, we might represent a sequence with 5 terms as ay, 4y, 43, a4, as.

When we add the terms of a sequence, we form a series. Some example series are:

1+243+4+5+6+7+8
2+4+6+8+10+12+14
100+99+98 +97 + 96 + 95 + 94
1+24+4+8+16+32+64+128

We could evaluate these series by simply performing lots and lots of addition. However, for some
special types of series, there are much simpler ways to compute the sum. ‘
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CHAPTER 21. SEQUENCES & SERIES

21.1 Arithmetic Sequences

You probably recognize all of the sequences below, and have no trouble guessing what the next few
terms are in each:

1,2,3,4,5,6,7,...
2,4,6,8,10,12,14,...
100,99,98,97,96,95, ...

Each of these is an arithmetic sequence. In an arithmetic sequence, the difference between two
consecutive terms is always the same. Such a regular pattern in the sequence makes arithmetic sequences
relatively easy to understand and analyze.
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21.1. ARITHMETIC SEQUENCES

ﬁroblem E:i?megﬁjsider ‘l:l;le seque;ce

-—5—4—3—2—10123456789101112

Rather than adding 4 seven times, we simply note that taking 7 steps of size 4 means adding 7x4 = 28 ]
to our first term, so the 8 term is —9 4 28 — 19. |
J

l

Similarly, to get the n term, we start from the first term and take # — 1 rightward steps of size 4 il
steps. (Make sure you see whyitisn -1 steps, not  steps.) Since taking n - 1 rightward steps of size 4 i
N

means adding 4(n — 1) to the first term, this takes us fo the number
. l.[ :
—9+4(n-1).

|

' e

This gives us our formula for the general term of the Sequence. We can pluginn = 1, 2,3, 4, ete, to i
produce the sequence. Check it and see! 3 Ir

We call the size of the “steps” between terms in an arithmetic sequence the common difference of
the sequence. In exactly the same manner as in the previous problem, we can generate a formula for the
general term of any arithmetic Sequence given its first term and its common difference.
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CHAPTER 21. SEQUENCES & SERIES

i Problem 21.2: Stippose that x, y; and z are in an arithmetic sequence such that y is directly between §
i x'and z in the sequence. (In other words, there are just as many terms between x and y as there are
! 4 ] ¥ 4

|between y and z.) Must y be the average of x and 2?

Solution for Problem 21.2: To get a feel for the problém, we try a specific case.

1

Suppose x is the 2°4 term, y is the 5% term, and z is the 8 term, so that y is directly between x and z in
the sequence.

Intuitively, it is clear that y is the average of x and z, since x is three steps before y and z is three steps
after y. We can prove that y is the average of x and z by letting d be our common difference and noting
that

x=y—3d,
z=y+3d.

Adding these equations gives x +z = 2y, so (x + z}/2 = y, as desired.

This example gives us a clear path to proving that if y is directly between x and z in an arithmetic
sequence, then y is the average of x and z. Let d be the common difference and k be the number of steps
between x and y. The number of steps between y and z therefore is also k, so we have

x=y—kd,
z=y+kd

Adding these equations‘gives x +z = 2y, so (x + z)/2 = y. Therefore, y is the average of xand z. O

This problem suggests why the average of a group of numbers is also sometimes called the arithmetic
mean of the numbers.

Try to solve the following problem first by using the formula we developed earlier, then again using
your understanding of atithmetic sequences (in other words, without using the formula).

| Problem 21.3: The sequence P
! . 4) xIr X7, x:_';.r x4! 18 o

! is an arithmetic sequence. Find x3.

Solution for Problem 21.3: We offer a “formula” solution and an “intuitive” solution.
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21.1. ARITHMETIC SEQUENCES

Solution 1: Use the formula, We are given the first term, so we already know a = 4. We are also given
the sixth term. Letting the common difference between terms be d, our sixth term gives us the equation

4+(6-1)d =18.

Solving this equation gives d = ¥ We must find x3, which is the fourth term in the sequence. Qur
formula gives .

x3=4+(4—1)d=4+3(15%)=%.

Solution 2: Use our understanding of arithmetic sequences. The 18 at the end of the sequence is 5 steps
from 4. These 5 steps cover a distance of 18 — 4 = 14, s0 each step has length 3. We must take three such
steps to get from the first term to X3, SO

And once you do know them, you’'ll have no difficulty tackling problems like the following one.

FI;?OI?1¢HI=21-4=-' The sum.of the__se::_c};d_“' ters and the ninth _t_errr:i'_:_c'i)_f. an arithmetic sequence is —4. The

| sum of the third and fourth térms of the same soqy e is 4. Find the first term of the sequence

Solution for Problem 21 4: Letting the first term be 2 and the common difference be d, we have

Second term =g + d,
Ninth term = g + 84,
Third term = g4 + 24,

Fourth term = g + 34.

Using these expressions with the given information about sums of these terms, we have the equations

(a+d)+(a+8d) =4,
(a+2d) + (a +3d) = 4.

Simplifying the left hand sides gives the equations

2a+9d = -4,
2a+ 54 = 4.
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CHAPTER 21. SEQUENCES & SERIES

Subtracting the second equation from the first gives 4d = -8, so d = —2. Substituting this into either of
our equations gives a = 7, so the first term of the sequence is 7. O

21.1.1 Consider the arithmetic sequence 1, 4, 7, 10,13, ...

(a) Find the 15" term in the sequence.

(b) Find a formula for the n'® term in the sequence.

21.1.2 The third term of an arithmetic sequence is 5 and the sixth term is —1. Find the twelfth term of
this sequence.

21.1.3 How many terms are in the arithmetic sequence 5,11, 17, ..., 89?7

21.1.4 When the 171% even positive integer is subtracted from the 219" odd positive mteger, the result
is z. Find z. (Source: MATHCOUNTS)

21.1.5% In the infinite arithmetic sequence 4y, @, a3, ..., we have ag = 2001. If the common difference d
is an integer, find the minimum value of d so that a;7 > 10000. Hints: 5

21.2 Arithmetic Series

When we add a group of consecutive terms of an arithmetic sequence, we form an arithmetic series.
For example, the series
1+24+3+4+---+99+100

is an arithmetic series.
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