CHAPTER 20. SPECIAL FUNCTIONS

Don’t worry about the fancy name — as we saw in Problem 20.19, partial fraction decomposition isn't
very hard to do. In Section 21.5%, we’ll see an interesting use of partial fraction decomposition. When
you get to the study of calculus, you'll see several more applications.
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20.4.2 Consider the function g(x) = 2

(a) Find the domain of g.

(b) Find the range of g. _

(c) Find all horizontal and vertical asymptotes"(;f the graph of ¥ = g(x).
(d) Graphy = g(x).

x+7 A + B for all x.

43 Fi t d t -
20.4.3 Find constants A and B such tha T 9z_38 -7 x+5

20.4.4 Consider the function
32 ~7x+4

0= s s

(a) Factor the numerator and denominator.
{b) What is the domain of g?

(c) How does g differ from the function f(x) = % in Problem 20.18?

(d) What point must be omitted from the graph of f in Problem 20.18 to produce the graph of g7
(e) Whatis the range of ?

20.5 Piecewiée Defined Functions

We’ve described functions as machines that take an input, then produce an output according to some
rile. We could also imagine a machine that takes an input, but applies different rules to different inputs
in order to produce an output. We call such a function a piecewise defined function, and to describe
such a function we must give both the rules we use to produce output, and describe which inputs each
rule is for. Here is an example of how we usually do sor

2x ifx <0,
f(x)“{sx if x > 0.

This describes a function that doubles negative inputs and triples posiﬁ.ve inputs. Notice that f(x) is not
defined for x = 0, so 0 is not in the domain of f. )
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x+5 ifx<-3
fy=3 2524 if ~3<x<2
~x/2 ifx>3

| “(a) Find £(1), f(9), and f(-12).

| (&) Find £(f(f(f(-12)))).

f '(c.) For what values of is f(x) = x?
I' (d) Does f have an inverse?

fi Graph y = f(x).

Solution for Problem 20.20-

(@) Sincelis between ~3 and 2, we use our middle ruje to compute (1)

2a%~1=15mm9>z
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CHAPTER 20. SPECIAL FUNCTIONS

(b)

(c)

(d)

(e)

we use our bottom rule to find f(9) = —9/2, and since —12 < -3, we use our first rule to compute
f(-12)=-12+5=-7.

We already found f(—12) = -7, so we have f(f(f(f(-12)))) = f(f(f(-7))). Since -7 < -3, we
have f(-7) = =7 +5 = =2, so f(f(f(-7))) .= f(f(-2)). Since -2 is between ~3 and 2, we have
F(=2) =2(-2)* =1 =7, and f(f(-2)) = f(7). Finally, 7 > 2, so f(7) = =7/2. Putting this all together
gives

fUFFERN = FFFED = F(f(2) = f(7) = ~7/2.

We wish to find the solutions to the equation f(x) = x. First, we check for solutions where x < -3.
These must satisfy the equation x + 5 = x because f(x) = x + 5 if x < 3. There are no solutions to
the equation x + 5 = x, so there are no values of x such that x £ -3 and f(x) = x.

Next, we check for solutions between ~3 and 2. These must satisfy 252 — 1 = x because
f(x) = 22> — 1 when -3 < x < 2. Rearranging 2x* — 1 = x gives 2x* — x — 1 = 0 and factoring gives
(2x + 1)(x — 1) = 0. The solutions to this equation are x = T and x = —1/2, which. are both between
=3 and 2.

Finally, we look for solutions that are greater than 2. These must satisfy —x/2 = x. The only

solution to this equation is x = 0, but 0 is not greater than 2. We only have f(x) = —x/2 if x > 2,
and the only values of x for which —x/2 = x are less than 2, so there are no values of x such that
x>2and f(x) = x.

Therefore, the only values of x for which f(x) = xarex =1 and x = -1/2.

If f gives the same output for two different inputs, then we know that f does not have an inverse.
One example of such an output is 1. Because

f-=2(-1"-1=1 and  f)=2(1*-1=1,
there is more than one value of x such that f(x) = 1, so f does not have an inverse. As we'll see
below, we can also use the graph of f to quickly see that f does not have an inverse.
We graph v = f(x) by graphing each of its pieces, using the values of x for which f(x) is defined
for each piece.

Y
4

4
v
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20.5. PIECEWISE DEFINED FUNCTIONS .

horizontal lines that pass through more than one point on the graph.

The gaps in our graph indicate that the function is not continuous, which basically means we
can’t draw the graph of the function without lifting our pencil off the paper.

a

Although we haven't written absolute value as a piecewise defined function, we have treated it that
way when we broke absolute valye problems into cases. We can use the piecewise defined function
notation to indicate these cases.
absolute value si;

Solution for Problem 20.21: Rather than start with such a complicated expression, we get a handle on the
problem by trying simpler expressions first. -

Let’s try expressing the simplest absolute value function, g(x) = jx], as a piecewise defined function.
Our two cases are x > 0 and X < 0. When x > 0, we have &(x) = lx] = x and when x < 0, we have
g(x) = Ixf = ~x. Therefore, we can write

=1 * ifx>0,
=1 <x ifx<o,

Let’s try a slightly harder function,

e Case1: 5—x >0, When 5 —x > 0, we have x <5and 5~—x=5-x.
e Case2: 5~x <0, Whe_nS—-x<O,wehavex>5andf5—xl =—b5-x)=x-5.
We can read the pieces of our piecewise defined function directly from these cases:

5-x ifx<s,
-5+x ifx>5.

h{x) = {

Now, we're ready to tackle the original problem. We split the function into cases based on when
=3 ~ 7x is negative and when it is nonnegative.
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e Casel: —=3-7x>0.1f-3 —7x >0, thenx < -2, and |-3 — 7x] = -3 — 7x.
o Case2: 3—-7x<0.If-3-7x <0, thenx > —%, and [-3-7x]=—(-3-7x)=3+7x.
Converting our cases to piecewise defined notation, we have
3
ATy ifyx <5
3-7x ifx< 7

fx) =

3
3+7x ifx>-—2.
+7x ifx> =

Solution for Problem 20.22: In order to find k, we have to “undo” the function three times. First, we need
to find what inputs can produce 27 as output from f. This means we must find the values of # such that
f(n) = 27. We must check two possibilities:

o Case 1: nisodd. If nis odd, then f(n}) = n+ 3. So, if n is odd and f(n) = 27, we must have
- n+ 3 =27. Solving this gives n = 24. However, 24 is not odd, so there are no odd numbers n such
that f(n) = 27.

e Case 2: nis even. If n is even, then f(n) = n/2. So, if nis even and f(n} = 27, then n/2 = 27. Solving
this gives n = 54. Since 54 is even, we have found a number # such that f(n) = 27.

Therefore, we have f(54) = 54/2 = 27, so we can “undo” one step. We now seek the odd value of k
such that '

(k) =54,
since we will then have the value of k for which f(f(f(k))) = f(54) = 27.

Now we must determine how we can produce 54 from f(n). Again, we consider the cases “n is
odd” and “n is even” separately. This time, both cases provide solutions. The “n is odd” case gives us
f(51) = 54 and the “n is.even” case gives f(108) = 54. So, we now seek values of k such that f(k) equals
either 51 or 108, since in either case we have f(f(k)) = 54.

For f{k) = 51, we find that we have no solutions for the “n is odd” piece, because 51 cannot equal
the sum of 3 and an odd number. The even case gives us f(102) = 51, but we are told that k is odd, so
we discard this solution.,

Turning to f(k) = 108, we check out the odd case first. Since f(105) = 105+ 3 = 108, and k = 105 is
odd, we have our desired odd k. (Note we don’t have to check the even case, since we are told that k is
odd.) Checking our answer, we find that f(f(f(105))) = f(f(108)) = f(54) = 27. O
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20.5. PIECEWISE DEFINED FUNCTIONS

20.51 Let f(x) = {

2x +9 ifx <2,
5-2x ifx> -2

(a) Find f(3). () Find all values of k such that flk) = 3.
(b). Find f(~7). (d) Does f(x) have an inverse?

20.5.2 Fach graph below is the graph of a function. For each part, define the function as a plecewise
defined function, then again using absolute value.

20.5.3 Mientka Publishing Company prices its bestseller Where's Walter? as follows:

where 7 is the number of books ordered, and C(n) is the cost in dollars of # books, Notice that 25 books
cost less than 24 books. For ho

exactly n books? (Source: AHSME )

20.54 Let

Find 4 if the graph of Y = f() is continuous (which means the graph can be drawn without lifting your

120, ifl<n< 24,
Cn)={ 11n, if25 <n <48,
10n, if49 <y,

W many values of # is it cheaper to buy more than » books than to buy

2x2 -3 ifx<2
ax+4  ifyxs2
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