20.3. FLOOR AND CEILING

20.2.5 Solve the equation 2z — 9| + |z - 3| = 15.
20.2.6  Graph each of the following on the Cartesian plane.

(@ y=lx+4 (o) Yy=lx+4]+|3 -y
(b) y=[B-x (d) ly—2]<4

20;2.7* “Solve the equation |2 — 5¢] = 6,

20.3 Floor and Ceiling

We have special notation that means “round down”: | x| denotes the greatest integer that is less than or

equal to x. We call f(x) = |x] the floor function. It is also sometimes called the greatest integer function,
and sometimes denoted [x]. .

Some examples of the floor function in action are
(23] =2, [7]=7, [-5.3] = —6.

That last example merits special attention.

Be careful when

In words, we often say [x] is “the floor of x.” For example, the floor of 2.3 is 2.

To “round up,” we use the ceiling function, f(x) = [x]. This function returns the smallest integer

that is greater than or equal to x. So, for example,

[2.31=3, [71=7, [-5.3] = 5.

Once again, we have to be careful about negative numbers!
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CHAPTER 20. SPECIAL FUNCTIONS

Problem 20.15: The notation {x} is. ‘sometimes used to denote the fractmnal part of x; which means
the smallest amount that can be subtracted" rom xto ‘ro‘duce an_mteger. For: example,’{ 3} = 0 3 and
{= -5. 6} = 0.4, smce 561 is 0 4 more than an i _teger _Wr1te an equation relatlng ij x, ‘and { }

Problem 20.16; In this problem, We compute the number of ordered palrs (x, ) w1th x > O and y >0
such that (x, Y) satlsfles the system of equatlons .

We start by evaluating the floor and ceiling of a few numbers.

Problem 20.12: Evaluate each of the following: e
@ 271 @ 2]

| ® @Bs © [vwo] N
© 23 ® [ ’5 [«/%JJ (SOilré,e'.-'Mandelbrét)

(@) 2.7 rounds downto2,s0|2.7] =2

(b) 3.5rounds up to 4,so [3.5] =4.

(c) The smallest integer that is greater than —2.3 is ~2, so —2.3 rounds up to —2.

(d) We write 123/5 as a decimal to make rounding it easier: 123/5 = 24.6, so |_15£_| =124.6] = 24.

(e) We need to figure out what two integers V39 is between to find out how to round it up. Because
62 = 36 < 39 < 49 = 72, we know that V39 is between 6 and 7. So, [V39] = 7.

(f) We work from the inside out. First, because 18% = 324 < 345 < 361 = 19%, we have 18 < V345 < 19.
Therefore, we know that I_V345J = 18, which means

[[38]) - Vi)

Since 18 is between 42 and 52, we have 4 < V18 < 5, so l\/ﬁj =4.

Important: .~ When it isn’t immediately obvious ‘what the floor or cellmg of a num-
ber is, then try to find the two consecutive mtegers that the number is
' between.
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20.3. FLOOR AND CEILING

To further our understanding of the floor and ceiling functions, let’s graph them.

' Problem 20.13: Let f(x) = |x] and g(x) = [x]. Graph the equations y=f(x)and y = g(x). g
T S R :‘L’“Xf@ﬁ\‘?@‘:@Tu«é&'ﬁt‘aﬁ"ﬁ“ﬁ?ﬁ@éﬂﬁm%ﬁ?gﬁmmmﬁm%‘ﬁimmiﬁ@&%

Solution for Problem 20.13: We'll start with ¥ = f(x) = |x]. We build our graph by considering various
values of x. For example, for 0 < x < 1, we have f(x) =0. Then, for1 < x < 2, we step up to f(x) = 1.
For 2 < x < 3, we have flx)=2. Continuing in this manner, we find that the graph of y = |x] is a series
of steps as shown at left below. The open circles indicate lattice points that are not on the graph and the
closed circles indicate lattice points that are on the graph. The steps continue forever in both directions.

¥ y

. = | | |- -
) [
* " x b "x
+ ............... . — -4 SEEEEENERE
j‘*
Figure 20.4: Graphof y = | x| Figure 20.5: Graph of y = [x]

We similarly explore y = 8(x) = [x]. For 0 < x < 1, we have &) =1. Thenfor1 < x <2, we step
up to g(x) = 2. Continuing this way, we build the graph at the right above. Notice that this is almost
a 1-unit upward shift of the graph of y = | x| (but not exactly a 1-unit upward shift: look at the lattice
points). O

———— — e e e e

[_ Problem 20.14: For wh.

Solution for Problem 20.14: OQur graphs from the previous problem show that the only values of x for
which [x] = |x] are the integers. We can also see this by noting that if x is an integer, then [x] = [x] = x,
but if x is not an integer, then [x] > x > [x] because we round up to get the ceiling and down to find the
floor. O ’

The notation {x} is sometimes used to denote the fractional part of x, which is the smallest amount
that can be subtracted from x to produce an integer. For example, we have {4.3} = 0.3, because 4.3 is 0.3
more than 4, and {-5.6} = 0.4, since ~5.6 is 0.4 more than —6. Notice that we must have 0 < {x} < 1 for
all real numbers x, because there is always some nonnegative number less than 1 that we can subtract
from x to get an integer.

Problem 20.15: Write an equ

ation rélaﬁng Lx J,N;;n:f{;c}

.
;
i
i

Solution for Problem 20.15: To get a feel for the problem, let’s try a couple specific values of x. Suppose
x = 3.14. Then, |x| = |3.14] = 3 and {x} = {3.14} = 0.14. So, we can view [3.14] and {3.14} as breaking
3.14 into two parts: what we get when we round x down, and what we remove in order to round x
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CHAPTER 20. SPECIAL FUNCTIONS

down. If we put these parts back together, we get 3.14:

[3.14] + {3.14} = 3.14.

Let’s see if this works for a negative number, as well. Suppose x = —2.7. Then, we have [-2.7] = -
and {-2.7} = 0.3. As we did before, we can assemble these parts to get x back:

|~2.7] + {=2.7} = =2.7.

This relationship holds for all x. Because we “round down” to find the floor of x, the floor of x is
what's left after the fractional part of x is removed. In other words, to find the floor of x, we subtract the
fractional part of x from x:

lx] =x—{x}.

Adding {x} to both sides of this equation gives us the relationship we saw in our two examples:

[x]+ {x} = x.

eent Eome p roblems involving | x] can be tackled by thmkmg of x as the sum of
= 1ts ﬂoor and 1ts fractlonal part: LA

X-—LxJ+{}

Try this tactic on the following problem.

Problem 20.16: Compute the number of ordered pairs (x, y) with x > 0 and y > 0 such that we have

x+lyl=
| y+Ixl=57

Solution for Problem 20.16: We can’t solve this as an ordinary system of linear equations because of the
floor functions. Instead, we’ll have to think more carefully about what each equation means. We start
with the first:

x+lyl=
This equation tells us that x plus some integer equals 5.3. While this doesn't tell us x, it does tell us that
the fractional part of x is 0.3. We can also see this by letting x = [x] + {x}:

[x] + {x} + Lyl =5.3.

Since | x| and |y] are inte;gers, the .3 of 5.3 must come from the fractional part of x. Therefore, we have
{x} = 0.3. (Remember, the fractional part is always greater than or equal to 0 and less than 1. So, for
example, we can’t have {x} = 1.3.) Letting {x} = 0.3 in our equation above gives us

lx] + Lyl =5.
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20.4. RATIONAL FUNCTIONS

Using the same analysis on the equation
y+|x]=57
tells us that the fractional partof y is 0.7, and that, once again, we have

Lx]+y] = 5.

Because x and y are positive and their floors are integers, our only solutions to this equation are

(Lxl Ly = 0,5); (1,9); 2,3); (3,2); 4,1); (5,0).
- Including:the fractional parts of x and y gives the six solutions

(,y) =(03,57); (1.3,47); (23,3.7); (3.3,2.7); (43, 1.7); (5.3,0.7).

20.3.1 Evaluate each of the expressions below.

(@) 132 (d) [-va23]
(b) [-218) (@ | V26 - V8]

o [ o [V
20.3.2 Compute l\/TJ + ,_\/EJ + l\/—S-J +eee 4 l\/-1—6J (Source: AMC 12)

20.3.3% Use the floor function to write a function f(x) such that the
graph of y = f(x) for -6 < x < 6 is shown at right. Hints: 3

20.3.4% Find the sum of the three smallest positive solutions to the
equation x — [x] = i (Source: MATHCOUNTS) Hints: 145

20.4 Rational Funétions

We call a function that is the ratio of two polynomials a rational function. Here are some examples of
rational functions:

_ x+4 22 324 +22% —1
fx) = 2 irr3 SW= — h(z) =
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