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Lesson 91 - Binomial Distributions

IBHL2 - SANTOWSKI

Opening Exercise:

Example #1:

(a) Use a tree diagram to answer the following: You
throwing a bent coin 3 times where P(H) = /

(b) THUS, find the probability of gaining 2 heads

Example #2:

(a) Use the FCP and combinatorics to analyse the
scenario where we now toss the coin 4 times and find
the probability of gaining 2 heads

Example:
Throwing a bent coin 3 times where P(H) = ¥/,
Find the probability of gaining 2 heads
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HHH (%)3 P(3 Heads) =1 x(é]z
174
HHT (%sz[gj P(2 Heads) =3 x(sJ (5) 2
HTH [é]zx(g) P(2 Tails) =3 x (é]x(%)
?:L @@ P(3 Tails) =1x (g)
(%) x[g Notice the pattern 13 3 1
THT (é)(g]
TTH (é][%}
T [g]a

If the coin was thrown 4 times it would look like this:

P(4 Heads) =1 x(g

P(3 Heads) =4 x (%)X[%)

P(2 Heads) =6 x [1Tx(4)2
P(1 Heads) =4 x [%) x(gJ

P(0 Heads) =1x (g)A

The number of ways of achieving a particular outcome can be
calculated as:
nC

X

Objectives/Assignment

How to determine if a probability experiment is a
binomial experiment

How to find binomial probabilities using the
binomial probability table and technology

How to construct a binomial distribution and its
graph

How to find the mean, variance and standard
deviation of a binomial probability distribution
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Binomial Experiments

There are many probability experiments for which the results of each
trial can be reduced to two outcomes: success and failure. For
instance, when a basketball player attempts a free throw, he or she
either makes the basket or does not. Probability experiments such as
these are called binomial experiments.

Definition

A binomial experiment is a probability experiment that satisfies
the following conditions:

1. The experiment is repeated for a fixed number of trials, where
each trial is independent of the other trials.

2. There are only two possible outcomes of interest for each trial.
The outcomes can be classified as a success (S) or as a failure (F).

3. The probability of a success, P(S), is the same for each trial.

4. The random variable, x, counts the number of successful trials.

Notation for Binomial Experiments

Symbol Description
n The number of times a trial is
repeated.
p=P(S) The probability of success in a single
trial.
q=P(F) The probability of failure in a single
trial (q=1-p)
X The random variable represents a
count of the number of successes in
ntrials: x=0,1,2,3,...n.
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Note:

Here is a simple example of binomial experiment.

From a standard deck of cards, you pick a card, note whether it is
a club or not, and replace the card. You repeat the experiment 5
times, so n = 5. The outcomes for each trial can be classified in
two categories: S = selecting a club and F = selecting another suit.
The probabilities of success and failure are:

p=P(S)=% and q=P(F)=%.

The random variable x represents the number of clubs selected in
the 5 trials. So, the possible values of the random variable are 0,
1,2,3,4,and 5. Note that x is a discrete random variable
because its possible values can be listed.

Ex. 1: Binomial Experiments

Decide whether the experiment is a binomial experiment. If it is, specify the
values of n, p and g and list the possible values of the random variable, x. If it
is not, explain why.

1. A certain surgical procedure has an 85% chance of success. A doctor
performs the procedure on eight patients. The random variable represents
the number of successful surgeries.

Ex. 1. Binomial Experiments

Solution: the experiment is a binomial experiment because it
satisfies the four conditions of a binomial experiment. In
the experiment, each surgery represents one trial. There are
ei%]ht surgeries, and each surgery is independent of the
others. Also, there are only two possible outcomes for each
surgery—either the surgery is a success or it is a failure.
Finally, the probability of success for each surgery is 0.85.

n=8

p=0.85
q=1-0.85=0.15
x=0,1,2,3,4,5,6,7,8




Ex. 1: Binomial Experiments

Decide whether the experiment is a binomial experiment. If it is, specify the

values of n, p and q and list the possible values of the random variable, x. If it
is not, explain why.

2. Ajar contains five red marbles, nine blue marbles and six green marbles.
You randomly select three marbles from the jar, without replacement. The
random variable represents the number of red marbles.

2018-03-11

Ex. 1: Binomial Experiments

Solution: The experiment is not a binomial experiment because it does not
satisfy all four conditions of a binomial experiment. In the experiment, each
marble selection represents one trial and selecting a red marble is a success.
When selecting the first marble, the probability of success is 5/20. However
because the marble is not replaced, the probability is no longer 5/20. So the
trials are not independent, and the probability of a success is not the same for
each trial.

Binomial Probabilities

There are several ways to find the probability of x successes in n

trials of a binomial experiment. One way is to use the binomial
probability formula.

Binomial Probability Formula

In a binomial experiment, the probability of exactly x successes in
n trials is:

X g N—X n! X g N—X
P(X)=,C,p"q =mp q




Ex. 2 Finding Binomial Probabilities

A six sided die is rolled 3 times. Find the probability of rolling
exactly one 6.

Frequency #0of6's Probability

7/{‘7 O@W@=1 3 1216
*ea ane,

|"7/""\R WW)E) =5 2 5/216

‘ 7 |oew=s 2 5216

e S CECE 257216

7 e =5 2 51216

(B)(1)(5) = 25 1 25/216

(5)(5)(1) =25 1 25/216
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Ex. 2 Finding Binomial Probabilities

There are three outcomes that have exactly one six, and each has a
probability of 25/216. So, the probability of rolling exactly one six is
3(25/216) ~ 0.347. Another way to answer the question is to use the
binomial probability formula. In this binomial experiment, rolling a 6 is
a success while rolling any other number is a failure. The values for n,
p.q,and x aren =3, p=1/6, @ =5/6 and x = 1. The probability of
rolling exactly one 6 is:

P(xX)=,C,p*q"*

Or you could use the binomial
probability formula

Ex. 2 Finding Binomial Probabilities

3! 1.:,5.31
PO =—(—= =
W= Z—m
1 5
— 3(=2) (D)2
I
= 3(%) (%) ByrI'is;ing the possidb_le values of x
with the corresponding
25 probability of each, you can
3(2_16) construct a binomial probability
distribution.
— 25 _o0.347
72
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Ex. 3: Constructing a Binomial Distribution

In a survey, American workers and retirees are asked to name their
expected sources of retirement income.

The results are = 36% of working Americans expect to rely on social
security for retirement income

Seven workers who participated in the survey are asked whether they
expect to rely on social security for retirement income. Create a
binomial probability distribution for the number of workers who
respond yes.

Solution
Given that 36% of working Americans expect to rely on social security for
retirement income. So, p =0.36 and q = 0.64. Because n = 7, the possible
values forxare0,1,2,3,4,5,6and 7.
) . X P(x)
P(0)=,C,(0.36)"(0.64)" ~0.044 0 |0.044
P()=,C,(0.36)'(0.64)° ~0.173 1 lo173
P(2)=,C, (0.36)%(0.64)° ~0.292 2 10.292
P(3)=,C,(0.36)°(0.64)" ~0.274 3 |0.274
4 3 4 |0.154
P(4)=,C,(0.36)°(0.64)° ~0.154 s |o.0s2
P(5)=,C, (0.36)°(0.64)* ~0.052 6 |0.010
P(6)=,C,4(0.36)°(0.64)* ~0.010 7 |0.001
P(x)=1
P(7)=,C, (0.36)(0.64)° ~0.001 2Pe)

Notice all the irobablli\les are_between 0

Note:

Finding binomial probabilities with the binomial formula can be a
tedious and mistake prone process. To make this process easier, you
can use a binomial probability. Tables provide lists of the binomial
probability for selected values of n and p.

EXAMPLE: Fifty percent of working adults spend less than 20 minutes
commuting to their jobs. If you randomly select six working adults,
what is the probability that exactly three of them spend less than 20
minutes commuting to work? Use a table to find the probability.




Ex. 4: Finding a Binomial Probability Using a Table

=

Fifty percent of working adults spend less than 20 minutes commuting to their jobs.
you randomly select six working adults, what is the probability that exactly three of
them spend less than 20 minutes commuting to work? Use a table to find the

probability.

Solution: A portion of Table 2 is shown here. Using the distribution forn=6and p =
0.5, you can find the probability that x = 3, as shown by the highlighted areas in the
table. The probability if you look at n = 6 and x = 3 over to 0.50 is .312.

0510
a2 810
095 180

o 010 023
857 729 614
135 243 325
007 027 057
000 001 003

090

6 0| 941 735 531 377 262 178 8 075
057 232 354 399 393 356 303 244
001 031 .098 176 246 297 32 328
000 002 015 042 082 .32 185 236
000 001 006 015 033 060 095
000 000 000 000 002 004 010 020 037
000 000 000 000 000 000 001 002 004 008 016 028 04

o b W —
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Ex. 5 Using Technology to find
a Binomial Probability

An even more efficient way to find binomial probability is to use a calculator or a
computer. For instance, you can find binomial probabilities by using your TI-83, TI-84
or Excel on the computer.

Go to 2" VARS on your calculator. Arrow down to binompdf which is choice A. Click
Enter. This will give the command. Enter binompdf(6, .5, 3) = (6 trials, a 0.50
probability of success, and 3 “successes”). The comma button is located above the 7
on your calculator.

You should get 0.3125

Ex. 6: Finding Binomial Probabilities

A survey indicates that 41% of American women consider reading as
their favorite leisure time activity. You randomly select four women and
ask them if reading is their favorite leisure-time activity. Find the
probability that:

(1) exactly two of them respond yes,
(2) at least two of them respond yes, and

(3) fewer than two of them respond yes.




Ex. 6: Finding Binomial Probabilities
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#1--Usingn =4, p=0.41, g = 0.59 and x =2, the probability that
exactly two women will respond yes is:

P(2)=,C,(0.41)%(0.59)* 2 =
41

(4._—é)!2! (041)2 (0.59)4_2 ==

%(.168])(.348]) =

6(.1681)(.3481) @

Ex. 6: Finding Binomial Probabilities

#2--To find the probability that at least two women will respond yes, you can find the

sum of P(2), P(3), and P(4). Using n =4, p=0.41, q=0.59 and x =2, the probability that
at least two women will respond yes is:

P(2)=,C,(0.41)?(0.59)* % =.351093
P(3)=,C,(0.41)*(0.59)** = 0.162653
P(4)=,C,(0.41)*(0.59)* * = 0.028258

P(x=2)=P(2)+ P(3)+ P(4)
—.351093+.162653+ 028258

Ex. 6: Finding Binomial Probabilities

#3--To find the probability that fewer than two women will respond yes, you can find

the sum of P(0) and P(1). Using n =4, p=0.41, q = 0.59 and x =2, the probability that at
least two women will respond yes is:

P(0)=,C,(0.41)°(0.59)*° = 0.121174
P(@1)=,C,(0.41)*(0.59)*" = 0.336822

P(x<2)=PO)+P@
=..121174+.336822

~ 0.458




Ex. 7: Constructing and Graphing a Binomial
Distribution

65% of American households subscribe to cable TV. You randomly select six households
and ask each if they subscribe to cable TV. Construct a probability distribution for the
random variable, x. Then graph the distribution.
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Ex. 7: Constructing and Graphing a Binomial
Distribution
65% of American households subscribe to cable TV. You randomly select six households
and ask each if they subscribe to cable TV. Construct a probability distribution for the
random variable, x. Then graph the distribution.

P (0)=,C,(0.65)°(0.35)°° = 0.002

P (1)=,C, (0.65)*(0.35)** = 0.020

P(2)=,C,(0.65)?(0.35)°2 = 0.095
P(3)=,C,(0.65)%(0.35)°° =0.235
P(4)=,C,(0.65)*(0.35)°* = 0.328
P (5)=,C.(0.65)°(0.35)°° = 0.244
P (6)=,C,(0.65)°(0.35)°® = 0.075

Ex. 7: Constructing and Graphing a Binomial
Distribution

65% of American households subscribe to cable TV. You randomly select six households
and ask each if they subscribe to cable TV. Construct a probability distribution for the
random variable, x. Then graph the distribution.

X

0

1

2

P(x)

0.002

0.020

0.095

0.235

0.328

0.244

0.075

Because each probability is a relative frequency, you can graph the probability
using a relative frequency histogram as shown on the next slide.

10



Ex. 7: Constructing and Graphing a Binomial
Distribution

[ [ o | 1+ [ 2 [ s | 4 [ 5 [ & |
|p(x) ‘ 0002 ‘ 0020 ‘ 0095 ‘ 0235 ‘ 0328 ‘ 0244 ‘ 0075 |

NOTE: that the
histogram is
skewed left. The
graph of a binomial
distribution with p >
.05 is skewed left,
while the graph of a
binomial distribution
with p < .05 is
skewed right. The
graph of a binomial
distribution with p =
.05 is symmetric.

Mean, Variance and Standard Deviation

Although you can use the formulas learned in 4.1 for mean, variance
and standard deviation of a probability distribution, the properties of a
binomial distribution enable you to use much simpler formulas. They
are on the next slide.
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Population Parameters of a Binomial
Distribution

Mean: u=np

Variance: o2 =npq

Standard Deviation: G \/npq

11



Ex. 8: Finding Mean, Variance and Standard Deviation

In Pittsburgh, 57% of the days in a year are cloudy. Find the mean, variance,
and standard deviation for the number of cloudy days during the month of

June. What can you conclude?

Ex. 8: Finding Mean, Variance and Standard Deviation

In Pittsburgh, 57% of the days in a year are cloudy. Find the mean, variance,
and standard deviation for the number of cloudy days during the month of
June. What can you conclude?

Solution: There are 30 days in June. Using n=30, p = 0.57, and q = 0.43, you can
find the mean variance and standard deviation as shown.

Mean: u=np=30(0.57)=17.1
Variance: o2 = npq = 30(0.57)(0.43) = 7.353
Standard Deviation: ¢ = Vnpq = V7.353 ~2.71

Example

(a) Using a biased coin where P(H) = 0.55 what is the probability of

achieving 6 heads when the coin is thrown 8 times.

(b) A card is to be drawn from a well shuffled pack and then replaced.

This is repeated 10 times.
(i) What is the probability of drawing an Ace 6 times.

(i) What is the probability of drawing an Ace at least twice.

2018-03-11
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Example:
Using a biased coin where P(H) = 0.55 what is the probability of
achieving 6 heads when the coin is thrown 8 times.

8Cex 0.55°x 0.452 =0.157

In general:
P(X=X) = "C, x p*q("X

= number of trials

= probability of success

= probability of failure

= number of required successes

Where

X 0 T S

A binomial distribution can be described as:

P(X=x) ~B(n,p)

Example:

A card is to be drawn from a well shuffled pack and then replaced.
This is repeated 10 times.

What is the probability of drawing an Ace 6 times.

1) (12)
10 - -5
Ce X (13) x(nj =3.159x 10

What is the probability of drawing an Ace at least twice.

1-PX<2) = 1- (P(X=0)+P(X=1))
-t 3 (2 e (322
=0.177
Example

1. Hockey cards, chosen at random from a set of 20, are
given away inside cereal boxes. Stan needs one more
card to complete his set so he buys five boxes of cereal.

What is the probability that he will complete his set?

2018-03-11
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Example

1. Hockey cards, chosen at random from a set of 20, are

given away inside cereal boxes. Stan needs one more
card to complete his set so he buys five boxes of cereal.
What is the probability that he will complete his set?

n=>5 (number of trials)
x=1 (number of successes)

p =% (probability of succes P(l success): Cl x (i)l N (B)A
® 20 20

P(x successes) = ,C, p*q" &

19 . "
q_% (probability of failure) —02
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The probability of Stan completing his set is 20%.

Binomial Distribution - Applications
2. Seven coins are tossed. What is the probability of
four tails and three heads?

3. Atrue-false test has 12 questions. Suppose you guess all 12.
What is the probability of exactly seven correct answers?

Binomial Distribution - Applications
2. Seven coins are tossed. What is the probability of
four tails and three heads?

P(x successes) = ,C, p*q"*
n= 7 (number of trials) ( ) =nCiPd

14 13
X= 4 (number of successes) I (4 SUCCeSses) = 7Cy % (E) x (E)
1 —
p= 3 (probability of success) =0.273

1 The probability of four heads
= - (probability of failure) - and three tails is 27%.

3. Atrue-false test has 12 questions. Suppose you guess all 12.
What is the probability of exactly seven correct answers?

n= 12 (number of trials) P(x successes) = ,C, p*q"-*

x= 7 (numberof successes)  P(7 successes) = 12C7 x (%)7 x (1)5

1 e
= = (probability of = ¢
p > (probability of success) 0.193 ,@
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Binomial Distribution - Applications

4. Atest consists of 10 multiple choice questions, each with
four possible answers. To pass the test, one must answer at
least nine questions correctly. Find the probability of passing,
if one were to guess the answer for each question.

Binomial Distribution - Applications
4. Atest consists of 10 multiple choice questions, each with
four possible answers. To pass the test, one must answer at
least nine questions correctly. Find the probability of passing,
if one were to guess the answer for each question.
n =10 (number of trials) n =10 (number of trials)
x=9 (number of successes x=10 (number of successe

p =% (probability of succes p =% (probability of succes

q =% (probability of failure) g =% (probability of failure

P(x successes) = ,C, p*q"-*
P(x successes) = P(9 successes) + P(10 successes)

1 9 3 1 l 10 3 0
= 10C9x(Z) X (Z) + 1oclox(Z) X (Z)

= 0.000 0296

Binomial Distribution - Applications

5. A family has nine children. What is the
probability that there is at least one girl?

2018-03-11
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Binomial Distribution - Applications

5. A family has nine children. What is the
probability that there is at least one girl?

This can be best solved using the compliment,
that is, the probability of zero girls:
n =9 (number of trials)
x =0 (number of successes) 10 .l
p= 1 (probability of success) P(0 successes) = Co x (E) x (E)
2 =0.00195

P(x successes) = ,C, p*q"*

n= % (probability of failure)

The probability of zero girls is 0.001 95, therefore the
probability of at least one girl is 1 -0.001 95 = 0.998.
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Binomial Distribution - Applications

6. While pitching for the Toronto Blue Jays, 4 of every 7 pitches
Juan Guzman threw in the first 5 innings were strikes. Whatis
the probability that 3 of the next 4 pitches will be strikes?

Binomial Distribution - Applications

6. While pitching for the Toronto Blue Jays, 4 of every 7 pitches
Juan Guzman threw in the first 5 innings were strikes. Whatis
the probability that 3 of the next 4 pitches will be strikes?

Let’s assume that there are only two possible outcomes, strikes or balls.

n =4 (number of pitches) P(x successes) = ,C, p*q"-*
x= 3 (number of strikes)

3
4 - P(3 successes) = ,C, ﬂ 3
p= ? (probability of success) 7)\7

3 =
q= ? (probability of failure) 0.32

Note: iC| will also iield the same result.

16



Using the Binomial Theorem to Calculate Probabilities [cont’d]

You can use the table feature of a graphing calculator
to calculate probabilities.

Floti Flotz Flots W The table
~NEE RCE HECleos T shows the
)$Xf(5/6)*(6—x) % probability
Ve = ; forany
\$q= : number of
WHe= correct
\‘l{IE= X=B guesses.

Using the Binomial Probability Distribution feature of the TI-84:

DISTR | = [0: binompdf

binompdf (number of trials, probability of success, x-value)
n=6 binompdf(6, 0.17, 6) = 0.000 021 4
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