Lesson 87: The
Cross Product of
Vectors

In this lesson you will learn

how to find the cross product of two vectors

+how to find an orthogonal vector to a plane defined by two vectors
+how to find the area of a parallelogram given two vectors

+how to find the volume of a parallelepiped given three vectors

Objective 1

FINDING THE CROSS PRODUCT OF TWO
VECTORS

The Cross Product -~ -
The cross product of two vectors, denoted as ax b , unlike
the dot product, represents a vector.

The cross product is defined to be for
a-= <a1,a2,a3> and b= <b1,b2,b3>

axb= <a2b3 - asb,,a;b, — aby,a,b, - a2b1>

You are probably wondering if there is an easy way to
remember this.

The easy way is o use determinants of size 3 x 3.




a= <a1,a2,a3> and b= <b1,b2,b3>
axb= <a2b3 -ab,,a;b, - aby,ab, - a2b1>

Let's set up a 3 x 3 determinant._as follows:
1. First use the unit vectors i, j, and k

as the first row of the determinant.

2. Use row 2 for the components of a and row 3 for the
components of b. We will expand by the first row using minors.

i j k
a, a, a,|=i (a2b3 —anZ)-j(a,b3 —a3bl)+k(alb2 -a,b, )=
b, b, b,

(azb3 -ab, )f + (azb, -ab; )3+ (alb2 -a,b, )f(

Don't forget to change the sign to - for the j expansion.

Find the cross product for the vectors below. Do the problem
before clicking again.

a=(245) and b=(1,-2,-1)

Find the cross product for the vectors below. Do the problem
before clicking again.

a=(2,45) and b=(1,-2,-1)

— N =
S~

-2 -1
(-4+10)i —(=2-5)j+(-4-4)k = 6i+7j-8k

CROSS PRODUCT
EXAMPLE

Ifa=<1,3,4>and b=<2,7,-5>, then




CROSS PRODUCT
EXAMPLE

Ifa=<1,3,4>andb=<2,7,-5>, then

i j k
axb=|1 3 4
2 7 -5
34 |1 4], |1 3

i j+ k
7 =5 |2 -5 |2 7
=(-15-28)i-(-5-8)j+(7-6)k
=-43i+13j+k

CROSS PRODUCT

Show that a x a = 0 for any vector a in V.

°If a=<a,, a,, a;>, then

CROSS PRODUCT

Show that a x a = 0 for any vector ain V.

°If a=<a,, a,, a5, then . .
i j k
axa=|a a, a
a a, a
=(aa, - a,a,)i-(aa; —a;a)) j
+(aa, —aa)k
=0i-0j+0k=0

Since the cross product is determined by using determinants, we

can understand the algebraic properties of the Cross Product

whichare:

‘uxv= —(v X u) Which would come from the fact that if you
interchange two rows of a determinant you
negate the determinant.

o A e M

o B
x0=0ei =3

uxu=0

uslvxw|=|\uUuxv|*w




Now that you can do a cross product the next step is to see why
this is useful.

Let's look at the 3 vectors from the last problem
a=(245) ,b=(1,-2,-1) and axb = (6,7,-8)
What is the dot product of
. . a=(2,45) with axb =(6,7,-8)
J eC Ive And b = (1,-2,~1) with axb = (6,7,-8)?

FIND AN ORTHOGONAL VECTOR TO A
PLANE DEFINED BY TWO VECTORS

Now that you can do a cross product the next step is to see why Show that ue(vxw|=(ux v) ew is true for
this is useful. . - L

u=(1,23),v =(-1-1,0),and w = (5,0,-1)

Let’s look at the 3 vectors from the last problem

a=-(245) ,b=(1,-2-1) and axb - (6,7,-8) Solution:

What is the dot product of
a=(2,45) with axb =(6,7,-8)
And b = (1,-2,~1) with axb = (6,7,-8)?

If you answered O in both cases, you would be correct.

Recall that whenever two non-zero vectors are perpendicular,
their dot product is 0. Thus the cross product creates a
vector perpendicular to the vectors a and b. Orthogonal is
another name for perpendicular.




Show that u'(vxw)= uxv)'w is true for

u=(123),v = (~1-10).and w = (5.0.-1)

Solution:  U=(1,2,3),v=(~1,-1,0),and w =(5,0,-1)
The left hand side

i j ok

-1 -1 0|=i-j+5k

5 0 -1

(12,3)+(1,-1,5) =1-2+15=14

The right hand side

i j K
1 2 3|=3i-3j+k
-1 -1 0

Geometric Properties of the Cross Product

Let W and V e nonzero vectors and let O (the Greek letter

theta) be the angle between u and v
1L axvis orthogonal to both uand v

Remember: orthogonal means perpendicular to

CROSS PRODUCT

Let a and b be represented by directed
line segments with the same initial point,
as shown.

a b

CROSS PRODUCT

The cross productax b
points in a direction
perpendicular to the plane
through a and b.




CROSS PRODUCT

It turns out that the direction ofax b
is given by the right-hand rule,
as follows.

RIGHT-HAND RULE

If the fingers of your right
hand curl in the direction
of a rotation (through an
angle less than 180°)

from a to b, then your aXb

thumb points in the

direction

of axb. a b
0

Geometric Properties of the
Cross Product

We know the direction of the vector a x b.

The remaining thing we need to complete its geometric
description is its length |ax b|.

Letu and v be nonzero vectors and let 0 be the angle

between u and v | then Huva=HuH HVHsinB

3. uxv=0 if and only if uand v are multiples of each other

4. HI; X \:H =areaof the paralleogram having
u and v as adj acent sides
Proof: The area of a parallelogram is base

times height. A = bh
[ul sin 0 =y/|lull
Y [lullsin § =y = height —  —
0 livily = 11l Tattaimo = [ V]

[vll




Example problem for property 1

Find 2 unit vectors perpendicular foa = 2 i - j + 3k
and b = -4i + 2j - k.

Solution

Example problem for property 1

Find 2 unit vectors perpendicular foa = 2 i - j + 3k
and b = -4i + 2j - k.

Solution
The two given vectors define a plane.

The Cross Product of the vectors is perpendicular to
the plane and is proportional to one of the desired unit
vectors.

To make its length equal to one, we simply divide by its
maghitude:

Find 2 unit vectors perpendicular to a= 2 i - j+ 3k
and b = -4i + 2j - k.
Solution

ik

2 -1 3|=(=5i-10j)

-4 2 -1

H—Si’-lojH =/25+100 =125 =55

Divide the vector by its magnitude
10 - -1

L(—Si‘—103)=_—Siﬂ——J=—1——_]=—1
NS 555t s 5T s 5

For a second unit vector simply multiply the answer by -1

2 - -5.»_&5

J5-

NN

5

2,5~

5 J

CROSS PRODUCT

Find a vector perpendicular to the plane that
passes through the points

P(ll 4; 6)I Q(-zl 51 _1)1 R(ll _11 1)




Objective 3

FIND THE AREA OF A PARALLELOGRAM
GIVEN TWO VECTORS

Example for property 4
4. Hl; X \:H =areaof the paralleogram having
u and v as adj acent sides

Area of a Parallelogram via the Cross Product

z
Show that the following 4 points define a parallelogram and then find| the
area. A

A(4,46),B(4,14,6), C(1,11,2),D(1,1,2)

Solution:
First we find the vectors of two
adjacent sides:

4B =(4-4,4-14,6-6) = (0,-10,0)
AD = (4-1,4-1,6-2)=(3,34)
Now find the vectors associated with the opposite sides:
DC =(1-1,1-11,2-2) = (0,-10,0) = 4B
DB =(1-4,11-142-6) = (-3,-3,-4) = 4D

This shows that opposite sides are associated with the same vector,
hence parallel. Thus the figure is of a parallelogram.

Continued

The area is equal to the magnitude of the cross product of
vectors representing two adjacent sides:

Area = |AB XAD|

ik

0 -10 0[=-40i+0j+30k
33 4

||-40"i + 301'<|| = J(=40)* +30% = /1600 +900 = /2500 = 50

The area of the parallelogram is 50 square units.




Area of a Triangle via the Cross Product

Since the area of a triangle is based on the area of a parallelogram, it
follows that the area would be 3 of the cross product of vectors of two
adjacent sides.

Find the area of the triangle whose vertices are P(4,4,6), Q(5,16,-2) R(1,1,2)
Area parallelogram) = |[PQ x PR|. The area of the triangle is half of this.

Area of a Triangle via the Cross Product Continued

P(4,4,6), Q(5,16,-2) R(11,2)

Area parallelogram) = |PQ x PR|

But what if we choose RP and RQ? Would the result be the same?

Let's do both and see!

PQO=(5-416-4,-2-6)=(112,-8)
FR=(1-41-42-6)=(-3-3,-4)

Q
RP=(4-14-16-2)=(334)

RO=(5-116-1,-2-2)=(415-4)

PQ=(5-416-4-2-6)=(112-8) =(4-14-16-2)=(334)

kP
RQ=(5-116-1-2-2) = (415.-4)

PR=(1-4]-42-6)=(-3-34)

T ] S
112 -8|=(-48-24)i-(-4-24)j+(-3+36)k =721 +28]+33k
-3 -3 4

%H-n‘n 28]+3312H - %J(-n)z +28°+33 = %J5134+7s4+1os9 - %\/7075
ik

303 4|=((-12-60)i-(-12-16)j+ (45-12)k )= -72i + 28]+ 33k
415 4

Since this is the same vector, the magnitude would
be the same also.

p
R
Q

The area of the triangle is % v/7057 = 42 square units.




CROSS PRODUCT

Find the area of the triangle with vertices

P(ll 4; 6)’ Q(_zr 5; _l)l R(ll _1I 1)

Objective 4

HOW TO FIND THE VOLUME OF A
PARALLELEPIPED GIVEN THREE VECTORS

-

The triple scalar product is defined as: 7/ - Qx w,

For u=uji+u,j+usk, v=vi+v,j+vik, and w=wi+w,j+wsk
U Uy Uy
63

i o

W Wy Wy

SCALAR TRIPLE
PRODUCTS

The geometric significance of the scalar
triple product can be seen by considering
the parallelepiped determined by the vectors
a, b,andc.

10



SCALAR TRIPLE
PRODUCTS

The area of the base parallelogram
istA=|bxc|

SCALAR TRIPLE
PRODUCTS

If 6 is the angle betweena and b x c,
then the height h of the parallelepiped is:
h =|al|cos 6|

°We must use
|cos O] instead
of cos @ in case
6>m/2.

SCALAR TRIPLE
PRODUCTS

Hence, the volume of the parallelepiped is:

V=Ah
= |bxc||a]|cos O]
=la-(bxc)|

Thus, we have proved the following formula.

SCALAR TRIPLE Formuia11
PRODUCTS

The volume of the parallelepiped
determined by the vectors a, b, and c is the
magnitude of their scalar triple product:

V=la:(bxc)|

11



Volume of a Parallelepiped via the Scalar Triple Product:
Find the volume of the parallelepiped with adjacent edges
AB, AC, and AD, where the points are A(4, -3, -2), B(2, 0, 5),
C(-3,2,1),and D(1, 3, 2).

Volume of a Parallelepiped via the Scalar Triple Product:
Find the volume of the parallelepiped with adjacent edges
AB, AC, and AD, where the points are A(4, -3, -2), B(2, 0, 5),
C(-3,2,1),and D(1, 3, 2).

The volume is given by the scalar triple product: AB - (AC X AD).
First we need the three vectors:

AB=[2-4]i+[0-(-3)]j+[5- (-2)]k =-2i+3j+7k.
AC=[-3-4]j+[2-(-3)]j+[1-(-2)]k=-7i+5j+ 3k
AD=[1-4Ji+[3-(-3))j+[2-(-2)]k=-3i+6j+4k

First, find the cross product: i j oK
-7 5 3
-3 6 4
= i[20 - 18] - j[-28 - (-9)] + k[-42 - (-15)] = 2i + 19 - 27k
Now form the dot product to get the volume:

Volume = |AB - (2i +19j - 27K)|

= | (-2i+3) + 7K) - (2i +19] - 27K)|

=|4+57-189 | = 136 cubic units

From:http://www.jtaylor1142001.net/calcjat/Solutions/

ACxAD =

Finally, for all of you potential physicists, a real world
application of the cross product.

Torque is defined by Webster as “a twisting or wrenching
effect or moment exerted by a force acting at a distance
on a body, equal to the force multiplied by the
perpendicular distance between the line of action of the
force and the center of rotation at which it is exerted".

1 If avector force F is applied at
M point B of the vector AB where
both vectors are in the same plane,

then M is the moment of the force
F about the point B.
| IM]] will measure the tendency of

8 the vector AB to rotate
F counterclockwise according to the
right hand rule about an axis

A great example of forque is tightening a bolt with a
wrench.

A few observations can be made:

The farther away from the bolt that the
force is applied the greater the
maghitude of the forque. Thus, a longer
wrench produces greater torque for a
given amount of force.

Second, we can see
that the angle 6
which produces the
largest torque would
be when

6 =90e.

Recall:

‘ f orcex lengthvectorH = H f orcHlength‘ sin @

12



Example: Suppose you have a 12 inch wrench and you
apply a 20 Ib force at an angle of 30 degrees. What is
the torque in foot-pounds at the bolt? What is the
maximum torque that can be applied to this bolt?

Solution: | f orcexlengthvector| = | f orclengthsin 6

where 0 is the angle between them.

20'lsin(%) = 20(%) =10 f oot pounds

The maximum torque is applied when 6=~

20~1sin(%) =20(1)=20 f oot pounds

CROSS PRODUCT IN PHYSICS

The idea of a cross product
occurs often in physics.

CROSS PRODUCT IN PHYSICS

In particular, we consider a force F
acting on a rigid body at a point given
by a position vector r.

CROSS PRODUCT IN PHYSICS

For instance, if we tighten a bolt by
applying a force to a wrench, we produce
a turning effect.

13



TORQUE
The torque 7 (relative to the origin) is defined
to be the cross product of the position and
force vectors

t=rxF

= |t measures the e
tendency of the body g
to rotate about the r
origin.

TORQUE
The direction of the torque vector
indicates the axis of rotation.

TORQUE
According to Theorem 6, the magnitude of
the torque vector is

|t|=|rxF|=]|r||F| sin 6

where 6 is the angle between the position

and force vectors.

TORQUE

Observe that the only component of F
that can cause a rotation is the one
perpendicular to r—that is, |F| sin 6.

= The magnitude of the torque is equal to the area
of the parallelogram determined by r and F.

14



TORQUE Example 6
A bolt is tightened by applying a 40-N force
to a 0.25-m wrench, as shown.

= Find the magnitude %
of the torque about
the center of the bolt.

TORQUE Example 6

The magnitude of the torque vector is:

|z| = |r X F|
= |r||F| sin 75°
= (0.25)(40) sin75°
=10 sin75°
=~ 9.66 N-m

TORQUE Example 6
If the bolt is right-threaded, then the torque
vector itself is

T=|rl n=9.66 n

where n is a unit vector directed down
into the slide.

This is the end of 11.4
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