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LESSON 72 —
POWER SERIES

OPENING EXERCISE #1

+ Expand the following series (6 - 8 terms) and comment upon the similarities and
differences you notice:
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OPENING EXERCISE #2

= For the following series, write the first 5 terms and then test the convergences of
the following series:
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OPENING EXERCISE #2

« For the following series, write the first 5 terms and then test the convergences of
the following series:
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» Make a general ion about the of —— and prove that it is
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« The series Z ~_ is an example of a POWER SERIES
= k!




10/21/15

OPENING EXERCISE #3

= Use DESMOS to:

1
* (1) graph f(x)=—
1-x

« (2) graph 2 X" so maybe use 100 as the upper limit rather than infinity
“

- (3) now expand g(x)=2 x"=...and callit g(x)

+ (4) Evaluate & compare £(0.2) and g(0.2); £(-0.1) and g(-0.1); £(0.01) and g(0.01)

OPENING EXERCISE #3
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OPENING EXERCISE #3
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OPENING EXERCISE #3
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POWER SERIES

= So, what is a power series OR what do we mean by the term “power series”

What are Power Series?

It’s convenient to think of a power series as an infinite polynomial:

Polynomials: 2-x+3x* -12x°

1+ (x=1)+3(x=1) —(,1'4),\——1)‘

Power Series: 1+ 2x+3x> +4x’ +5x* +...




OBJECTIVES

= In the next few lessons, we will introduce a few concepts:

+ conditions for convergence of a power series
+ radius of convergence of a power series
+ representation of functions with a power series

= After working through these lessons and completing a sufficient number of
exercises on paper, you should be able to

= determine the radius of convergence of that series
- expand a function in a power series

A power series is in this form:

FOX+ X+ Cx X

or

(x—a) =cy+e(x—a)+e(x—a) +e,(x—a)’ + 4 (x—a) +-

The coefficients c;,¢;, ... are constants.

The center “a” is also a constant.

(The first series would be centered at the origin if you graphed it. The
second series would be shifted left or right. “a” is the new center.)

In general. . .
Definition: A power series is a (family of) series of the form

EL (x-x)".

/ that the power series is based at x, or that

at can we say about convergence of power s

A great deal, actually.

OBJECTIVE #1 - Checking for Convergence

I'should use the ratio
test. It is the test of
choice when testing for
convergence of power
series!




Checking for Convergence

Checking on the convergence of

1+ 2x+3x7 +4x° +5x" +. E(kﬂ),\“

GRAPHIC VERIFICATION
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Checking for Convergence

Checking on the convergence of

1+2x+3x% +4x° +5x* +... (k+1)x*

‘We start by setting up the appropriate limit.

(k +2))xf (k+2)|q
—— =i :‘ ‘
= (k+1) .
The ratio test says that the
series converges provided
that this limit is less than 1.
That is, when |x[<1.

Now you work out the convergence o

1_(\‘+3)+(\‘+‘x)2

Don’t forget those
absolute values!



Now you work out the convergence of
e 2% 2\
+3) (x+3) (x+3)
) L l _
5 7 9

art by setting up the ratio test limit.

=|x+3[lim

(2k+3)

s this tell us?

‘What about the convergence o

_(.\‘+3) (x+3)
3! 5!

1
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GRAPHIC VERIFICATION

o

—1)"(x+3)"
(2n+1)

«
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‘What about th

(x+3)
3!

1-

We start b

2(k+1)+1
e 2k}

[x+3
(2k +1)!

Since the limit is 0 (which is
ess than 1), the ratio test says
that the series converges
absolutely for all x.
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INTERVAL OF CONVERGENCES
\ DL VE !
GRAPHIC VERIFICATION FROM A GRAPHIC PERSPECTIVE

L . Bl l - Use DESMOS to graph the following power series in order to PREDICT the interval
e of & the radius of
N o=y (D) Es)
W= X ooy
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(x-3)" (=1)"x
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Summary - Power Series
Definitions

G RAP!"I I C \,/ E RI F I C /—\TIOI\A Interval of Convergence: The interval of x values where the series converges.

Radius of Convergence (R): Half the length of the interval of convergence.

1) The series only converges at x=a. (R =0)
2) The series converges for all x values. (R = »)
3) The series converges for some interval of x.
|x—al <R
(a-R<x<a+R)
The end values of the interval must be tested for convergence.

o, R

The use of the Ratio test is recommended when finding the radius of
@ convergence and the interval of convergence. O
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Example #1 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

Z (-1)"n(x+3)"

e

Example #1 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

o (—1)"n(x + 3)"
ZM Ratio Test Cpny1 =

D)™ (n+ 1)(x + 3)"+1

n+1
n=0 4

im [CD™ e+ D(x +3)™!  (~D"n(x +3)"|

n—o | 4n+1 4n

lim D" DR+ DE+3)"x+3) 4n

ni an(a) o T3
(-D(n+1)(x+3)

m | AT S

=0 4n

=Liess)

Example #1 - Power Series
L |ED@E DG )|

nﬂw 4n

- (-1)"n(x+3)"
D

n=0

x+ 3|

Ratio Test: Convergence for L <1

1
le +3|<1 Interval of Convergence:
lx+3| <4 —-4<x+3<4
X
-7<x<1

Radius of Convergence

Red End points need to be tested.

Example #1 - Power Series
° Z (-D™n(x+ 3)"

4n n

INGE

=)
" 0

2
Il

x==7

z 1)"n( 7+3)"

nt" term test for diverger
limn =0 #0
n-oo
divergent at x = -7
D" a-)" 1)"n( o g
—7 cannot be included in
the interval of convergence
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Example #1 - Power Series
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i (-D"n(x + 3)"

[1]
4_71
n=0
x=1
- (—1)"n(1 + 3)"
D
n=0
i —D"n@)"
47[
n=0
Dl

0

3
Il

i =D"n
n=0

nt" term test for diverger
lim (-1)"n = pNE =0
n—o
divergentatx =1

1 cannot be included in
the interval of convergence

Therefore,the interval of convergence is:
-7<x<1

®

Example #2 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

o

92 2"(4xn— 8)"

n=0

Example #2 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

oo2114__ n
ez (4x - 8)
n

n=0

lim

|2n+1(4x _ 8)n+1 ) 2"(427 — 8)"'

2n+1(4x _ 8)n+1

Ratio Test ¢ =
n+1

n—-o n+1 n |

i |2"2(4x —8)"(4x — 8) n
m

|

n—o

n+1
2n(4x —
n+1

‘2n(4x - 8)"|

8)
=2|4x - 8|

n _a\n
92 2"(4x —8) lim

Example #2 - Power Series
2n(4x —8)
n+1

o

= 2]|4x — 8|

n n-oo

n=1

Ratio Test: Convergence for L <1

214x—-8| <1
Interval of Convergence:

214(x—-2)| <1 1
——<x-2<g
8lx—-2]<1 8 8

15 17

lx—-2| << —<x<—

8 8 8

Radius of Convergence End points need to be tested.
1

R==
8
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Example #2 - Power Series

o

Example #2 - Power Series

o

2"(4x - 8)" 2"(4x - 8)"
Z (4x—8) i (=) o Z ( ) © on = 4
n=1 n n-2n n=1 n Z [N Z -
1 n=1 1 n-2n —n
X =— © _1)n x=? n=1 n=1
8 15 n Z ( 17 n Harmonic series is divergent
Nl <4 (?) B 8) = N (4 (?) - 8) 17
Z n Alternating harmonic series is convergent Z n »divergentatx = 8
n=1 15 n n=1 n 17 ) .
© gn (_ — 8> . fatx— 15 © on (1_7 _ 8) ?cannot be included in
Z 2 - convergentatx =-g z 2 the interval of convergence
n
n:l . 7; n l—scan be included in 7!:1 P n Therefore,the interval of convergence is:
Z 2 (_ 2) the interval of convergence Z 2 (7) E <x< E
g " ® g n 8 8 ®

Example #3 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

e Z n!(2x+ 1"

n=0

Example #3 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

[} Z n!(2x+1)"  Ratio Test  cpyq = (n+1)! (2x + 1)+

n=0
(n+ 1! (2x + 1)+ The series will converge at one point.
lim [————— Lo
n-oo n!(2x + 1)n The limit is zero at
i |n!(n + D)(2x + D" (2x + 1)| x=-3
im
n-ow | n! 2x + 1)n | Radius of Convergence:R = 0

3 The interval of convergence is:
lim|[(n+1)2x+1)] =0>1
n-cw

x=-3 ®

10
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Example #4 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

©

° 2

n=0

Example #4 - Power Series

Example: Find the Radius of Convergence and the Interval of Convergence
for the following power series

o

°

n=0

(x — 6)n*t

Ratio Test =
Cn+1 nntl

I (x+6)""  (x+6)"
m il qgn

n-oo

The series will converge for every

’ [x+6)"x+6) n"
= w+or|

M| —o<1
n

n-o0 n"n Radius of Convergence:R = »
The interval of convergence is:

m
n-oo

—00 < x <

The limit is zero regardless of the value of x.
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