LESSON 64 I’HOPITAL’S RULE

HL MATH - CALCULUS

Objective: To use L’Hopital’s Rule to solve problems
involving limits.

EXAMPLES TO START WITH

Given our previous work with limits,
evaluate the following limits:

x -4 lx+1-2 . 2x-6
lim lim lim—
x—=2 X =2 x—3 x=-3 x=3 x° -9

. 5x=2 . 3x"+5x-7 . 4x*+1
lim | lim

im—
xoo X +3  x=22x" —=3x+1 x—e x+3

CHALLENGE EXAMPLE

. X+2
So how would we evaluate |im ———
x=>-2 In(x +3)

ForwMmsS oF TYPE 0/0

We looked at several limits in chapter 2 that had the
form 0/0. Some examples were:

2 i 1-cosx
. . SInx .
lim* 1o lim =1 lim———=
= y—1 —0  x =0 x

0
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FORMS OF TYPE 0/0

We looked at several limits in chapter 2 that had the

form 0/0. Some examples were:

¥’ -1 . sinx
lim =

lim =2 =1 li
= x—1 =0 x =0 x

ml—cosx=0

The first limit was solved algebraically and the next
two were solved using geometric methods. There are
other types that cannot be solved by either of these
methods. We need to develop a more general method
to solve such limits.

ForwMmS oF TYPE 0/0

Lets look at a general example. tim L. %

—ag(x)

FORMS OF TYPE 0/0

Lets look at a general example. lim J o

=egx) /0

We will assume that f/ and g/ are continuous at x = a
and g/ is not zero. Since f and g can be closely
approximated by their local linear approximation near
a, we can say

lim £ - i @+ S (@)x-a)
x—a g(X) x—a g(a) +g (a)(x-a)

ForwMmsS oF TYPE 0/0

Lets look at a general example. lim 283 =

We know that:
fa)=lim f(x)=0 g(a)=limg(x)=0

So we can now say

im0 _ i /@[ @(x-0) _ [ (@)x-a)
~ig() e gla)+ g (@)x-a)  ¢(@)x-a)

%
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FORMS OF TYPE 0/0

Lets look at a general example.

This will now become

lim

i@ _ o
= g(x)

S _ @ _ fx

—ag(x) g'a) g

This is know as L’Hopital’s Rule.

0

THEOREM 4.4.1

L’Hopital’s Rule: Suppose that f and g are
differentiable functions on an open interval containing
X = a, except possibly at x = a, and that

lim f(x) =0 and lim g(x) = 0.

If limlf'(x)/¢' ()] exists or if this limitis xoo then

lim? @ i /)
wa g(x)  xa gl(x)

EXAMPLE 1

Find the following limit.

. x'-4
lim
=2 x-2

EXAMPLE 1

. x' -4
Find the following limit. hlrzl 2

Now, we can use L’Hopital’s Rule to solve this limit.

2
ol '4=%=2(2)=4

lim
=2 x-2
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EXAMPLE 2 EXAMPLE 2
. sin2x i sin 2x
Find the following limit, 1M P Find the following limit. %
First, we confirm that this of the form 0/0.
Next, we use L’Hopital’s Rule to find the limit.
limsm2x _ 2cos2x =@=2
=0 x 1 1
EXAMPLE 2 EXAMPLE 2
) i L . 1-sinx . X e i 1-sinx
Find the following limit. ~ 1im,——== Find the following limit. %, o%

First, we confirm that this of the form 0/0.

Next, we use L’Hopital’s Rule to find the limit.

. l-sinx -cosx O
lim ———=—""=—

=—=0
x=n/2 COSX —-sinx -1
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EXAMPLE 2 EXAMPLE 2
. et -1 . et -1
Find the following limit. ~ lim s Find the following limit. ~ lim P
First, we confirm that this of the form 0/0.
Next, we use L’Hopital’s Rule to find the limit.
Lef-1 et 1
lim——=—5=—=+x
X0 x 3x> 0
This is an asymptote. Do sign analysis to find the
answer. ___+ [+
0
EXAMPLE 2 EXAMPLE 2
) i L. . tanx 3 ) L. . tanx
Find the following limit. lim 7 Find the following limit. ~ lim .

First, we confirm that this of the form 0/0.
Next we use L’Hopital’s Rule to find the answer.
tanx sec’x |1

lim —~= —=-0
=0T X 2x 0

Again, sign analysis. - +
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EXAMPLE 2

1-cosx

Find the following limit. ~ lim

x—=0

EXAMPLE 2

1-cosx

Find the following limit.  lim—=

First, we confirm that this of the form 0/0.
Next we use L’Hopital’s Rule to find the answer.
I-cosx sinx 0

lim = =—
=0 x 2x 0

We apply L’Hopital’s Rule again.

EXAMPLE 2

1-cosx

Find the following limit. ~ lim

x—=0

First, we confirm that this of the form 0/0.
Next we use L’Hopital’s Rule to find the answer.

. l-cosx sinx O
lim = =—
=0 x 2x 0

We apply L’Hopital’s Rule again.

. l-cosx sinx cosx 1
lim == =
=0y 2x 2 2

EXAMPLE 2

-4/3

Find the following limit. linim
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EXAMPLE 2

-4/3

Find the following limit. E}Lm

First, we confirm that this of the form 0/0.
Next we use L’Hopital’s Rule to find the answer.

i L ~ (_4/3)){7/3 ~ (4/3)/\/4/3 _9 ~
w=s=gin(1/x)  (=1/x%)cos(1/x) cos(1/x) 1

EXAMPLE 2
413

Find the following limit.

lim ————
=+ gin(1/ x)

First, we confirm that this of the form 0/0.
Next we use L’Hopital’s Rule to find the answer.

AT @
== sin(1/x)  (=1/x*)cos(1/x)  cos(l/x)

2
1

fim X AT 4 4,
w=+=sin(1/x)  (=1/x%)cos(1/x) 3x"cos(l/x) +o

FORMS OF TYPE 00 /00

Theorem 4.4.2: Suppose that f and g are
differentiable functions on an open interval containing
X = a, except possibly at x = a, and that

lim f(x) = & and lim g(x) = 0

If limlf'(x)/g'(0)] exists or if this limitis +o then

limZ ) _ jim S //(x)
Sag(n) gl

EXAMPLE 3

. X
Find the following limits. lim —

x>+ o
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EXAMPLE 3 EXAMPLE 3
. X . Inx
Find the following limits. -}EECZ‘ Find the following limits. 11:51 csox
First, we confirm the form of the equation.
Next, apply L’Hopital’s Rule.
. 1
lim —=—=—=0
N A A s
EXAMPLE 3 EXAMPLE 3
i . L . Inx . X L. . Inx
Find the following limits. lim Find the following limits. lim
x—0" CSC X x=0" CSC X

First, we confirm the form of the equation.
Next, apply L’Hopital’s Rule. i 0 1/x

=0 cscx —cscxcotx

This is the same form as the original, and repeated
applications of L’Hopital’s Rule will yield powers of 1/x
in the numerator and expressions involving cscx and
cotx in the denominator being of no help. We must try
another method.

We will rewrite the last equation as

lim = =
x=>0" cscx —cscxcotx

Inx 1/x ( sin x )
—_—=| - tan x

—1im ™ fim tan x = ~(1)(0) = 0
x—=0" X x—=0"
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EXAMINE EXPONENTIAL GROWTH

Look at the following graphs. What these graphs
show us is that e grows more rapidly than any integer
power of x.

" x

X .e

0-c

FORMS OF TYPE
There are several other types of limits that we will
encounter. When we look at the form (- we can

make it look like 0/0 or oo/ and use L’Hopital’s
Rule.

lim —=0 lim — = +o
r4 @ sy
EXAMPLE 4 EXAMPLE 4

Evaluate the following limit. }Lfgl xlnx

Evaluate the following limit. }Lfgl xlnx

As written, this is of the form ~ limxnx=0-—
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EXAMPLE 4

Evaluate the following limit.

As written, this is of the form

Lets rewrite this equation as

lim xInx
x—0*"

lim xInx =0--0
x—=0"

EXAMPLE 4

Evaluate the following limit.

As written, this is of the form

Lets rewrite this equation as

Applying L’Hopital’s Rule

lim xInx
x—0*

lim xInx=0--
x—0"

lim——= — =
=0 1/x —-1/x"

EXAMPLE 4

Evaluate the following limit.

lirr/14(1 - tan x)sec2x

EXAMPLE 4

Evaluate the following limit.

As written, this is of the form

rlin}"(l - tan x)sec2x

1im4(1 —tanx)sec2x =00

10
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EXAMPLE 4

Evaluate the following limit. ~ lim (1-tanx)sec2x

As written, this is of the form lim (I-tanx)sec2x =0-c

EXAMPLE 4

Evaluate the following limit.

As written, this is of the form

rlin}"(l - tan x)sec2x

lirr}4(1 —tanx)sec2x =0-%

Lets rewrite this equation as 1, 1-tanx Lets rewrite this equation as lim 1= 130%
=4 o8 2X x=7/4 cos2x
Applying U'Hopital’s Rule |, 1-tanx  -sec’x -2 _,
/4 cos2x  —-2sin2x -2
00 + 00

FORMS OF TYPE

There is another form we will look at. This is a limit of
the form oo + 0o, We will again try to manipulate this
equation to match a form we like.

EXAMPLE 5

Find the following limit. 'L‘Z‘(

X

1
sin x

)

1
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EXAMPLE 5

(1
Find the following limit. "‘3‘.(;‘7)

X sin x

This is of the form oo — oo

EXAMPLE 5

(11
Find the following limit. "‘B(*‘f)

—0\ x  sinx

This is of the form o0 — oo

1 inx -
Lets rewrite the equation as llm(*—f) = (Smx .

=0\ x  sinx xsinx

)

EXAMPLE 5

(1
Find the following limit. '““(;‘7)

x=0" sin x
This is of the form o0 — oo

(1 inx—
Lets rewrite the equation as 1lm(*-f) = (Smx x)

=0\ x  sinx xsinx

This is of the form 0/0, so we will use L’Hopital’s Rule.

xcosx+sinx 0 -—xsinx+2cosx 2

. (sinx-x cosx -1 0 —sinx 0
lim - = =—=
=07\ xsinx

0°,0° 17
FORMS OF TYPE

Limits of the form  lim £ (x)2™ give rise to other
indeterminate forms of the types:

0 0 qo
07,0071

12
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0°,0° 1%
FORMS OF TYPE
Limits of the form  lim f(x)*” give rise to other
indeterminate forms of the types:
0%,00",1"
Equations of this type can sometimes be evaluated by
first introducing a dependent variable y=f(x)
and then finding the limit of Iny.

EXAMPLE 6

Show that  lim(1+ x)"=e

EXAMPLE 6

Show that  lim(1+ x) " =e

This is of the form 1% so we will introduce a
dependent variable and solve.

EXAMPLE 6
Show that  lim(1+ X" =e
This is of the form 1% so we will introduce a
dependent variable and solve.

1/x Iny=(1/x)In(1+x)

y=(+x)
| !
Iny =In(l +x)"* lny=M

13
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EXAMPLE 6

o Show that  lim(1 + x)"=e

In(l+x)
X

Iny

Jimln y = lim 10+ _ 0
x—0 =0 x 0

EXAMPLE 6

o Show that  lim(1+ x)"=e

In(l+x)
X

Iny

fimln y = lim M0 _ 0
x>0 =0 x 0

lirnln(1+x) _ 1/(1+x) _ 1 -1
=0 x 1 1+x

EXAMPLE 6

o Show that  lim(1 + x)"=e

lim1n(1+x) =1/(1+x) _ 1 -1
=0 x 1 1+x

lllrglny=1

o This implies that y —e as x 0 -

Indeterminate Forms

0 d ©
6 an ;

_2x®—3x*+5x 0 im _eex =
lim =3 lim 7 +tanx o
x=0 x3—x 0 xog

14



Indeterminate Forms

Indeterminate Forms

9/8/15

0 d o' 0 d
— ana — — ana —
0 ] 0
. sinx 0 e* o
_2x3-3x2+5x 0 lim X _*® lim——=2 lim = —
= = kT tanx et e
. secxtanx
6x?—6x+5 lim ———-=
lim = x-t (secx)
x>0 1 2
tanx
im =
ol secx
o Ny o
. lim sinx = .
P
2
° [ ]
1
([ o
Indeterminate Forms Other Indeterminate Forms
0 0-o00andoo — o
— and —
0
i sinx 0 e* o lim (tanx In(sinx)) = -0
m—=— im —=—
2% x 0 Im =5 3
i cosx
My 5 X
x-0 i E_ = f
x—0 2X 00
lim &
e 2 ®
(o]
®
2
[

15



Other Indeterminate Forms

0-00and oo —

lim (tanx In(sinx)) = o0

x>y

sinxln(sinx) 0

Other Indeterminate Forms

0 - o0 and oo —

1 1

) 1 1
im — = ———
x-0 sinx  x 0 0

9/8/15

x—»% cosx 0
. , 1
cosxIn(sinx) + sinx —— cosx
lim sinx _
0 —
L& ®
. cosxIn(sinx) + cosx 0 .
o N e 1 0 °
Xk —sinx
® 2 o
Other Indeterminate Forms Other Indeterminate Forms — Indeterminate Powers
0 -0 and oo — 09,000, 1%
lim, x* = 0°
1 1 1 1 x-0%
— — — ———== o—o00
x>0 sinx  x 0
Find a common denominator
xsinx
. X sinx x — sinx 0
im —————=1i - = -
-0 xsinx xsinx  x-0 xsinx 0
. . 1 —cosx 0 .
lim ————=  —
x=0 Sinx + xcosx 0
[ ] . [ ]
sinx 0
=—_=9 o

lim ———————
x-0 cosx + cosx — xsinx 2

16



Other Indeterminate Forms — Indeterminate Powers

00' 000, 1%

lim x* =0° Iny=lim —x= 0
x-0* x—=07t

= 1i X
Ve X lny=0

Iny = In lim_x* elny = g0
x-0%
y=1
= lim x*=1
y=jim

Other Indeterminate Forms — Indeterminate Powers: 0°,000,1%®

2 X
lim (1 +—> = 1%
X—00 X

9/8/15

Other Indeterminate Forms — Indeterminate Powers

00' 000, 1%

lim x* =0° Iny=lim —x= 0
x-0t x—=07t

y = lim x*

x=0* Iny=0
Iny = lnxli)rg]+ x* elny = g0
y=1
y= i v =1

17



