Lesson 53 —
Integration by Parts

Calculus - Santowski

(A) Product Rule

« Recall that we can take the derivative of a product

of functions using the product rule:
d . )
a0 900]= 100 g0+ g(x)- F'(x)

* So we are now going to integrate this equation
and see what emerges

(B) Product Rule in Integral
Form

« We will make some substitutions to simplify this

equation:

[/£(x)-9/(x)ax = £(x)-gl0)~ [ o). £ (x)ee
letu = f(x) andlet v=g(x)

thendu = f'(x)dxanddv =g'(x)
Judv:uv—jvdu
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Lesson Objectives

« Use the method of integration by parts to integrate

simple power, exponential, and trigonometric
functions both in a mathematical context and in a
real world problem context

(B) Product Rule in Integral
Form

* We have the product rule as

100 900]= 10090909 16)

« And now we will integrate both sides:

1ty o0 ax= [ 10996+ o) 1
£(0)-9(x)= [ £(x)- () + [ g(x)- 1/(x)dx

rearranging

[ £ 9(x)dx= £ (x)- 9(x)- [ 9(x)- F/(x)ax

(C) Integration by Parts
Formula

* So we have the formula judv:uv—Ivdu

* So what does it mean?
It seems that if we are trying to solve one integralju dv
+ and we create a second integral _[V du i

» Our HOPE is that the second integral is easier to

solve than the original integral
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(D) Examples (D) Examples

* Integrate the following functions: * The easiest + Sowe have a choice .....
way to master M
the method is Letu=e* and then dv = xdx
x by practicing,
@) Ixe o $o determine So du=e*dx and v = x?
2

(b) [xe*dx [ xe*ax
(c) Iln(x)dx + Weneed to

select a u and j. xe‘dx:e‘&xz— J‘lxzexdx
adv 2 2

So we get :

(d) [xIn(x)dx ,
+ Comment: Is the second integral
any easier than the original???

Example 4:

(D) Examples [ xe* dx

ju dv=uv—jv du LIPET

u = x?
du =2x dx

* So let's make the other choice as we determinejxe"dx uv _IV du
Letu=x andthen dv=e*dx Xzex—jex~2x dx
Sodu=dx and v=e¢"

So we get : x%e* — 2_[ xe* dx U=x
_[ xe*dx = xe* — I e*dx

» Checkpoint: Is our second integral any “easier” X2ex _ 2(xex _J‘exdx) du=dx v=e
than our first one???

dv =e*dx

X

j xe"dx = xe” — Je‘dx: xe*—e*+C

2,X% X X
+ Now verify by differentiating the answer x'e’ —2xe’ +2¢" +C

Example:

fu dv= uv—fv du
J.InXdX LIPET

(D) More Examples

logarithmic factor mm) | =|nx dv = dx
« Integrate the following functions:

/u V—|Vv d< du= ldX V=X (a) Ixcos(x)dx
X

(b) J.ex cos(x)dx

1
In x-x—fx-; dx (©) szcos(x)dx

xInx—x+C (d) _[arcsin(x)dx




Example 1:

ju dv=uv—jv du
.[x-cosx dx LPET

polynomial factor

) U=X
du =dx

dv =cosx dx

v=sinXx
uv—|v du

TN

x~sinx—j'sinx dx

X-sinx+cosx+C

Example 6: LIPET
x u=e* dv=cosxdx
J' e* cosx dx

du=e*dx v=sinx
uv—jv du . .
u=e* dv=sinxdx

e*sinx—_[sinx-e*dx du=e*dx V=-cosXx

e*sin x—(eX -—cosx—_[—cosx-eX dx)
_[ex cosx dx = e*sin x+¢e* cosx—j'ex cos x dx

2-[eX cos X dx =e*sin x+e* cos x

e‘sinx+e*cosx+

Iexcosx dx = 5

C

(E) Further Examples

» For the following question, do it using the method
requested. Reconcile your solution(s)

jxm dx byParts
Ixm dx by Substitution

Example 5: LIPET
X u=e* dv=cosx dx
Ie cosx dx

du=e*dx v=sinx

uv—jv du . .
u=e* dv=sinxdx
exsinx—jsinx~exdx du=e* dx Vv=-—cosx

e*sin x—(eX ~—cosx-j_cosx.ex dx)
uv vdu This is the
e*sin x+e* cos x _J.ex cos X dx expression we

started with!

Example 6:

This is called “solving for the
unknown integral.”

_[ex cos x dx

uv—jv du

It works when both factors
integrate and differentiate

e*sin x—jsin x-e*dx forever.

e*sin x—(eX ~—cosx—j—cosx-ex dx)
j'eX cos X dx = e*sinx+¢e* cosx—_[eX cos X dx

2.[eX cos x dx =e*sin x+e* cos x

e*sinx+e* COSX+

jex cosx dx = 5

C

(E) Further Examples

« Definite Integrals = Evaluate:

tlnx
—d.
(a) _! 2 X

(b) J‘tan’1 (x)dx
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L]
« Calculate jotan x dx

1 _ AT 1
jotan xdx = x tan x]o I01+dex
u=tan*x dv =dx L ox
:l-tan’11—0~tan’10—_[ ~dx
01+x

T 1 X

4 Jog4x?

« To evaluate this integral, we use * Whenx=0,t=1,andwhenx=1,t=2.
the substitution t = 1 + x2(since u has L X 2 dt
another meaning in this example). « Hence, j dx=1| —

01+ x? 1t

— 2

Then, dt = 2x dx. =%In |t|]1

—1(n2—
So, x dx = % dt. =3(n2-Inl)
=3In2

e Therefore * Astanix =forx 20, the integral in
! the example can be interpreted as the area
of the region shown here.

1 X 3
> dx

01+X

7z In2

4 2

jltan‘lxdx=£—
0 4




Further Examples
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Evaluating Integrals
Evaluate the integrals in Exercises 31-50. Some integrals do not re-
quire integration by parts.

./xmc.’.b
n/rdnn:dr
s /"‘7‘.1'
et de
x
sin 3x cos 2« dr

3

5 / x* cos 2udx
Jo

ni
sec” rde c / 2esin” (%) de

cos Vixde

/
iy
/
/
I
k

Va4 ldx
‘

53. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes, the curve y = ¢*, and the line x = In2 about the line
x=In2.

Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes, the curve y = ¢ *, and theline x = 1

a. about the y-axis.

b. about the line x = 1.

55. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes and the curve y = cosx, 0 = x = /2, about
a. the y-axis.

b. the line x = /2.

Finding volume Find the volume of the solid generated by re-
volving the region bounded by the x-axis and the curve
¥ =xsinx, 0 = x = 77, about

a. the y-axis.

b. thelinex = .

(See Exercise 51 for a graph.)

Theon
S1. F
y

a
b.
(3

Further Examples

Using Substitution
Evaluate the integrals in Exercises 25-30 by using a substitution prior

to integration by parts.
1
26. f V1 — xdx
]

25, [ VI gy
=3
27./ xtan’ x dx 28, fll‘l (x + x%) dx
0
30. f 2(Inz)’ dz

29. fsin (Inx) dx

ry and Examples

Inding area  Find the area of the region enclosed by the curve
xsin x and the x-axis (see the accompanying figure) for

0=x=<w

7= xS 2w

e

. What pattern do you see here? What is the area between the
curve and the x-axis for nw = x (n + 1), n an arbitrary
nonnegative integer? Give reasons for your answer.
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. Wha patern o e sce?) Wht i th area besween the curve

andthe r-atis fox

. Finding area  Find the area of the region enclosed by the curve

¥

x cos.x and the x-axis (see the accompanying figure) for

2 w/2 = x = 3mw/2.

Consider the region bounded by the graphs of y = Inx,y = 0,
and x = e.
. Find the area of the region.

Find the volume of the solid formed by revolving this region
about the x-axis.
Find the volume of the solid formed by revolving this region
about the line x = —2.

d. Find the centroid of the region.

Consider the region bounded by the graphs of y = tan™

andx = 1

a. Find the area of the region.

b. Find the volume of the solid formed by revolving this region
about the y-axis.

Average value A retarding force, symbolized by the dashpot in
the accompanying figure, slows the motion of the weighted
spring so that the mass’s position at time ¢ is

Ty =0,

v =2ecost,  1=0.

Find the average value of y over the interval 0 = ¢ =
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Test Qs

a) (5 points ztan~!z dr
P

. Hence [rtan™'z dr
(a) (5 points) . fl‘tan’lr dx ' e [ xtan
Solution. = [udv=uv — [vdxr
2.2. (5 — points) . Evaluate [ In(2z)dz. #2 a1
Q2. ( p ) f ( ) Let w=tan~' = %mn-' x— J‘L’ T gzttt point)
2 2 1427
dr 1 1, 2
_ —irltan-ly — = -
then du = =37 tan~! 3 I T l_gd-?’
o 1 1 1
dy = adz, v =7 = E.rzmn" -3 [f (J 1T x?) dx}
e 1, 11 o
SN - e T | Seftan™ 2z — S + S tan”' £ + C.....(2 points)

INTEGRATION BY PARTS
Evaluate | ex sinx dx

u = In(2zx) dv =dx

S J . e s)
SOLUTION odr  da points)

= exdoes not become simpler when differentiated.

di = — = — v=2
2z Kl

,/]” (20} dr = 21n (20) — f("" o (2~ points) = Neither does sin x become simpler.

=zln(2z) -+ C ... — (1 — point)

INTEGRATION BY PARTS INTEGRATION BY PARTS
Nevertheless, we try choosing So, integration by parts gives:
u=eX and dv =sin X :
jex sin xdx =—e* cosx+J'eX cos x dx

The integral we have obtained, [excos xdx,

L] = X = a a a o
Then, du = eXoX SHCEEEE is no simpler than the original one.
At least, it's no more difficult.

Having had success in the preceding example integrating
by parts twice, we do it again.
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INTEGRATION BY PARTS
This time, we use
u=e*X and dv = cos x dx

Then, du = exdx, v = sin x, and

J'eX cosxdx=exsinx—.[exsinxdx

INTEGRATION BY PARTS
At first glance, it appears as if we have

accomplished nothing.

= We have arrived at [ eX sin x dx, which is
where we started.

INTEGRATION BY PARTS
However, if we put the expression for

[ e cos x dx from Equation 5 into Equation 4,
we get:
Iex sin xdx = —e* cos X +e” sin x

—jexsin x dx

= This can be regarded as an equation to be
solved for the unknown integral.

INTEGRATION BY PARTS
Adding to both sides | ex sin x dx,

we obtain:

ZjeX sin xdx = —e* cos x +e* sin X

INTEGRATION BY PARTS
Dividing by 2 and adding the constant

of integration, we get:

_[ex sin xdx = 1e*(sin x—cos x) +C

INTEGRATION BY PARTS
The figure illustrates the example by
showing the graphs of f(x) = eXsin x and
F(x) = % eX(sin X — cos X).

= As a visual check on o
our work, notice that
f(x) = Owhen F has a
maximum or minimum.

6
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(F) Internet Links

« Integration by Parts from Paul Dawkins, Lamar
University

« Integration by Parts from Visual Calculus



http://tutorial.math.lamar.edu/Classes/CalcII/IntegrationByParts.aspx
http://archives.math.utk.edu/visual.calculus/4/int_by_parts.3/index.html

