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EXERCISE 5.3

A 1. (a) State the intervals on which fis concave upward or concave
downward.
(b) State the coordinates of the points of inflection.
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B 2. Find the intervals on which the curve is concave upward or concave
downward and state the points of inflection.
(8 y =2+ 5x — 12¢ b) y =612 — 12x + 1|
(¢) vy =16+ 4x + x2 — X (d) y = 2% + 245 — 5x — 21
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3. For each of the following functions,
(a) find the intervals of increase or decrease,
(b) find the local maximum and minimum values, |
(¢) find the intervals of concavity,
(d) find the points of inflection,
(e) sketch the curve.
(i) y=4 —13x — 6 — X (i) v =" — 8
(i) y = xvxr +4 (iv) y = 3x3 — 2x

3

C 4. For what values of the constants ¢ and d is (4, —7) a point of ‘
inflection of the cubic curve y = x* + cx?! + x + d? _ ;
5. Show that the function f{x) = x| x| has an inflection point at (0, 0), ‘
but f"(0) does not exist.
6. Sketch the graph of a continuous function that satisfies all of the
following conditions. 1
(@ f0) =f3)=0,f-1)=fl)= -2 ;
B f (-1 =Ff=0
(¢) f'"(x) <Oforx < —1andfor0 <x<1.f'(x) >0 for
—1 <x < 0andforx > 1
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(d) f"(x) > 0forx <3 (x # 0), f"(x) <0 forx>3
(e) anl fxy = 1, lim_ flx) =

7. Sketch the graph of a continuous function that satisfies all of the
tollowing conditions.
(@) ffir) > 0for0 < x <1, f(x)<0forx>1
(b) f"(x) <OforQ < x<2,fx)>0forx>2
(©) lim flx) =0

(d) fl—x) = —flx) for all x

8. Use Newton’s method to find the coordinates of the inflection point
of the curve y = x* + 2x' + 617 — 5x + 4 correct to three
decimal places.

9. Suppose that fis positive, concave upward, and f"(x) exists on an
interval /. Show that the function g(x) = [f(x)]* is also concave
upward on /.

5.4 THE SECOND DERIVATIVE TEST

Another application of the second derivative in curve-sketching occurs
in locating the local maximum and minimum values of a function f.
We assume that f”(x) exists and is continuous throughout the domain
of f.

The figure shows the graph of a function f with f"(c¢) > 0 and
S'(e) = 0. Since f"(c) > 0, the graph of f is concave upward near ¢
and therefore lies above its tangent at (c, f{c)). But since f'(¢) = 0,
this tangent is horizontal. Therefore, f has a local minimum at ¢.
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Similarly, if f'(¢) = 0 and f"(¢) < 0O, then the graph of fis concave
downward near ¢ and therefore lies below its horizontal tangent at
(c,f(c)). Thus, f has a local maximum at c.
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Second Derivative Test
If f'(¢) = 0 and f"(¢) > 0, then f has a local minimum at ¢.
If f'(¢) = 0and f(¢) < 0, then f has a local maximum at c.

Find the local maximum and minimum values of flx) = x* — [2x + 5.
First we find the critical numbers.

fllx)y=3x2—-12=3x*-4) =0
X =4
¥==3

To apply the Second Derivative Test we find the second derivative:

f(x) = 6bx
Since f'(2) = 0 and f"(2) = 12 > 0,
f(2) = —11 is a local minimum
Since f'(=2) = Oand f"(—2) = =12 <0,
S(=2)y = 21 is a local maximum @

Find the maximum and minimum values of y = x* — 8x%. Use these,
together with concavity and peints of inflection, to sketch the curve.

If fix) = x* — 8x7, then

Fv) = 4dx? = 24 = 4¥(x — 6)
) = 1237 — 48x = 12x(x — 4)

To find the critical numbers we set f'(x) = 0 and obtain x = 0 and
x = 6. Then to use the Second Derivative Test we evaluale f” at these
numbeérs:

[0 =0 F6) = 144

Since f'(6) = 0 and f"(6) > 0, f{6) = —432 is a local minimum.
Since f(0) = 0, the Second Derivative Test gives no information about
the critical number 0. But since the first derivative does not change
sign at O (it is negative on both sides of 0), the First Derivative Test
tells us that £ has no maximum or minimum at 0.

Since f"(x) = 12x(x — 4), we have f"(x) > O forx < Qorx > 4
and f"(x) < 0 for 0 < x < 4. So fis concave upward on (—2,0) and
(4,c) and concave downward on (0,4). The inflection points are
(0,0) and (4, —256).
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EXERCISE 5.4

)y = y4 — 3
yo=at = 1100

— 100+
— 200+
inflection
points — 3007

— 400

(6, —432) (3]

Note: Example 2 illustrates the fact that the Second Derivative Test
gives no information when f"(¢) = 0. It also fails when f“(¢) does not
exist. For instance, in Example 4 in Section 5.3 the function has a
local maximum value when x = —3, but f"(—3) does not exist and
so the Second Derivative Test does not apply. In such cases we must
use the First Derivative Test. In fact, the First Derivative Test has the
added advantage that we need not calculate the second derivative.

1.

Use the Second Derivative Test to find the local maximum and
minimum values of each function. wherever possible.

(a) flx) = 3 — 4x + 13 (by flx) = 2 + 6x — 6x°
() glx) = 227 — 48x — 17 (dy gv) = 1 + 3 — 2%
(e) Alx) = ¥ — 9x2 + 24x — 10 (f)y h(x) = x* — A7

(Bl Fo =3¢ — 1o -+ 18+ 1  (h) Fla) = 2 = S5y = »

M Gx) =1 — 32 + ¥ M G = 2 + L\ﬁ

Use any method to find the local maximum and minimum values of
each function.

(a) flx) = x* — 6 + 10 (b)y flx) = x\vx — 1
x 7 5 X

) 800 =373 Qa8 = e

(&) fit) = —— () f) = t + 30

2t+ 5

Find the local maximum and minimum values of each function. Use
this information, together with concavity, to sketch the curve.

@ y=x—2x (b) v = x* — 3" + 3x2 — x + |
(¢) v = 3% — 2557 + 60x (d) vy =xVvVI10 + x
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11. —= 12. x > 1000

EXERCISE 5.3
Abbreviations: CU, concave upward; CD, concave
downward; IP, inflection point
1. CUon (=6, =3), (—1,1), (1,3). (10,13),
CDon (—10, =6), (=3, —1), (3,7). (7. 10),
IP(=6,—1),(=3,0), (=1,2), (3. 1). (10, 2)
2. (@) CDon (—2,%) (b) CUon (—%,x)

(¢) CU on (—=,{), CD on (4,0}, IP (3ot
(dy CU on (—4,%¢), CD on (==, —4),

IP (—4,255)

(e) CU on {—2=,0), (1,99,

CD on (0, 1), IP (0, —2), (1, —2)

(f) CUon (=2, =2), (2.%0), CDon (—2,2),
IP (=2, —83), (2, =79)

(g) CU on (1,=), CDon (—%=,1)

(h) CU on (—=,5), CD on (5,%) (i) CU on
( 13 1 I 1
(700,7\/5)‘ (‘\,-’i’x)' CD on ( _\'.T\'? ;

(=2, =V6), (0,V8), CD an (= V6,0), (V.
), 1P (-6 > [v?a . TS
’ wer LT (ver

3. (i) (a) decreasing ( —, )
(b) none
(¢)CUon (—=, —2),CDon (-2,
(dyIP(=2,14)
(e) AY

(=214}

u\ 3
\

(11) (a) increasing on (—2,0), (2, %) decreasing
on (—, —=2), (0,2)

(b) local maximum f(0) = 0

local minima f(2) = f{—2) = —16

(c) CU on (—OC, —%) and (%x) CD on

2 2
(~v33)

ANSWERS
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(iii) (a) increasing on ( — o, %)
(b) none

(c) CU on (0,), CD on (—=,0)
(d) IP (0,0)

(c) :
vA

(iv) (a) increasing on (0, 1)
decreasing on (—=,0), (1,3)
(b) local minimum f(0) = 0
local maximum f(1) = 1

(c) CD on (—-zc,0), (0,5)

(d) none
(e
) YA
(1, 1)
0 X
4. ¢c= —12,d = 117
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